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Abstract

This thesis focuses on the development and analysis of numerical optimization methods
for solving nonsmooth problems arising in viscoplastic fluid dynamics and group-sparse
regularization problems. The primary application centers on the Bingham flow prob-
lem, a type of yield-stress fluid characterized by a transition between solid-like and
fluid-like behavior depending on a stress threshold. To address the incompressibil-
ity condition and nonsmooth terms inherent in the Bingham fluid problem, we pro-
pose a second-order descent algorithm that incorporates exact penalization, generalized
second-order information, and active-set strategies.

In the first part of this thesis, we analyze the exact penalization of the incom-
pressibility constraint using the L1-norm penalization within a regularized formulation
of the Bingham flow problem. We establish a penalization parameter that ensures
equivalence between the penalized and constrained formulations and develop an algo-
rithm that uses second-order information to solve the resulting nonsmooth optimization
problem efficiently. Numerical experiments confirm the effectiveness of the approach,
particularly in promoting sparsity on the divergence term (incompressibility constraint
term), and comparing it with the Semi-smooth Newton method.

The second part of this thesis is motivated by the solution of the unregularized
Bingham flow problem. A simplified version of this problem is reformulated as a
linearly constrained minimization problem, where the constrained term, interpreted as
a group-sparsity regularizer, identifies regions where the material behaves like a rigid
solid. The problem is analyzed through its augmented Lagrangian formulation, and a
specialized group-sparse algorithm is proposed to solve it.

Building on the insights gained from the unregularized Bingham flow problem,
these strategies are extended to a more general group-sparse optimization framework
involving the ‖ · ‖1,2 norm, with applications to PDE-constrained optimization and
nonlinear regression problems. A second-order algorithm is derived, relying on the
computation of the steepest descent direction, which is determined through group-wise
evaluation of the directional derivative.

Additionally, an active-set identification strategy is introduced. The novelty of this
approach lies in its dynamic and efficient identification of sparse groups by iteratively

x



analyzing the angle between two consecutive iterations. This active-set strategy is
further combined with a reduced second-order system to enhance computational effi-
ciency and improve accuracy, making the proposed algorithms effective for addressing
nonsmooth optimization problems.

In summary, the second part of the thesis focuses on the development of group-
sparse algorithms with applications to the unregularized Bingham flow problem in a
pipe and group-sparse optimization problems.

The algorithms developed in this thesis are analyzed with extensive numerical val-
idation which highlights their effectiveness.

xi



Chapter 1

Introduction

1.1 Motivation

Viscoplastic fluids are materials that behave like solids at low stress levels but flow like
liquids when the applied stress exceeds a certain threshold, known as the yield stress
[70]. Below this threshold, they resist deformation and do not flow. Once the yield
stress is surpassed, they begin to deform and flow, displaying a combination of vis-
cous and plastic behavior. Common examples of viscoplastic fluids include toothpaste,
ketchup, and some drilling muds. However, while toothpaste is a classic example of
a Bingham fluid, the implications of modeling such flows extend far beyond this il-
lustrative case. Bingham flow models are relevant in many industrial and geophysical
contexts. Fresh concrete and certain slurries used in mining and drilling are modeled
as Bingham fluids [41]. Predicting their flow is key for structural casting and avoiding
clogging or segregation in transport systems. Certain biological fluids, such as blood
under specific conditions (e.g., in microcirculation or in clotting scenarios), may display
Bingham-like behavior [116]. Moreover, lava flows are often modeled using Bingham-
type fluids due to their yield stress and complex rheology (see [20] and [73]). Thus,
reliable numerical simulations aid in hazard assessment and risk mitigation in volcanic
regions. Particularly, lava flow is simulated by viscoplastic flow in a shallow-water
regime using the Bingham model. In [20], researchers use the augmented Lagrangian
method with well-balanced properties coupled with the finite volume discretization to
solve one-dimensional Bingham viscoplastic flow. A key challenge here is coupling the
shallow-water equations with the viscoplastic constitutive laws while addressing high
computational costs. Thus, numerical modeling of these fluids is important for de-
sign, safety, and operational efficiency. The theoretical and numerical developments
presented in this thesis may be extended to the shallow-water framework for modeling
lava flows, providing a potential pathway for simulating viscoplastic behavior in this
setting.
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Numerical flow simulation for viscoplastic fluids is an active research field which
faces challenges related to the nonlinear and nonsmooth nature of these viscoplastic
materials. Mathematically, the fluid’s velocity field can be characterized through a
variational inequality, where the minimizer of the inequality serves as the solution
to the flow problem [46]. Thus, variational inequalities and nonsmooth optimization
techniques are directly applicable for an accurate modeling of a viscoplastic flow.

The divergence-free condition, often expressed as div(u) = 0, where u is the velocity
field of the fluid, is a critical aspect in the numerical simulation of viscoplastic fluids for
several reasons: to ensure the incompressibility of the fluids in simulations by coupling
the velocity and pressure fields to preserve the physical accuracy of the model and
ensure realistic and stable results. In particular, the rheology of viscoplastic fluids
is highly sensitive to stress and strain rates. Therefore, the divergence-free condition
becomes even more critical to accurately capture the flow dynamics and transition
between yielded and unyielded regions. Failing to enforce the divergence-free condition
can lead to non-physical results such as artificial compressibility or spurious oscillations
in the velocity and pressure fields.

Enforcing the divergence-free condition introduces a distinct challenge to address.
Finite Element Methods such as the H(div)-conforming methods [27, 63, 103] are used
for flow problems to address the incompressibility condition. Nonetheless, mesh refine-
ment techniques or the use of high-order polynomials play a significant role in enhancing
the accuracy and stability of these simulations [75, 82]. This motivates addressing the
divergence-free constraint from an optimization perspective. Consequently, the use of
penalization techniques for the divergence-free condition is the first main focus of this
thesis.

The close connection between nonsmooth optimization problems and flow problems
in viscoplasticity arises from the yield stress characterization of viscoplastic fluids. The
transition between solid-like and fluid-like regimes creates a nonsmooth response in the
stress-strain relationship, resulting in a nonsmooth optimization problem. Approach-
ing the flow problem as a nonsmooth problem requires mathematical tools and methods
from nonsmooth analysis. For instance, traditional first-order algorithms for numer-
ically solving the convex nonsmooth optimization flow problem are derived from the
augmented Lagrangian methods [42, 49, 71], see also [112]. Thus, the second main
focus of this thesis is to derive a second-order optimization algorithm for the solution
of the resulting non-smooth problem arising from the viscoplastic fluid flow. Addition-
ally, the nonsmooth term arising in the viscoplastic flow problem is defined in terms
of the norm of the strain-rate tensor, which describes the rate of change of the rela-
tive deformation of the material. This tensor is null where the material behaves like
a rigid solid. Consequently, in the Bingham flow problem, this nonsmooth term can
be interpreted as a sparsity-promoting term in the solid-like regime. Building on this
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perspective, we will extend the concepts studied for this term to more general sparsity
structures such as the group-sparse term given by the ‖ · ‖1,2 norm.

1.2 Introduction

In the first part of this thesis, we are devoted to the analysis and design of a descent
optimization algorithm that incorporates second-order information to solve a viscoplas-
tic fluid problem. Specifically, our attention is directed towards Bingham fluids, which
represent a type of yield stress fluid.

The flow of a Bingham fluid can be described in terms of a variational inequality
of the second kind [46, Ch. VI]. This variational inequality constitutes the optimality
condition of the following nondifferentiable convex optimization problem:


min

u∈H1
0(Ω)

J̃(u) := µ
∫

Ω
Eu : Eu dx+ g

∫
Ω
|Eu| dx−

∫
Ω

fb · u dx

s.t div u = 0.
(1.1)

Its solution corresponds to the velocity field u of the steady-state Bingham flow. We
consider Ω an open and bounded subset of Rn, for n = 2, 3, with Lipschitz boundary,
µ > 0 corresponds to the viscosity parameter, div : H1

0(Ω) → L2
0(Ω) represents the

divergence operator, E = 1
2(∇ + ∇>) is the symmetric gradient operator (strain rate

tensor), and fb are the body forces acting on the fluid or a pressure gradient. The
notation : represents the Frobenius scalar product in Rn×n and |·| denotes its associated
norm. The behaviour of the viscoplastic fluids is determined by the magnitud of the
stress tensor. The fluid moves as a rigid-solid body if the stress imposed on the fluid is
below the yield stress parameter g ≥ 0. When the stress exceeds g, the fluid deforms
and moves as a liquid. Therefore, in the liquid regime, we have that |E(u)| 6= 0,
implying continuous deformation. Conversely, if |E(u)| = 0, the material behaves as
a solid. Our investigation is focused in the numerical solution of the velocity field u
subject to the incompressibility condition div(u) = 0.

The first problem considered in this thesis comes from the numerical treatment
of the incompressibility constraint. Incompressibility is expressed by the condition
div(u) = 0. Some methods deal with this condition by introducing the pressure
as a Lagrange multiplier associated to the velocity divergence-free constraint. Then,
the Lagrangian functional is solved by an augmented Lagrangian method [59]. Fur-
thermore, as highlighted in the Motivation, H(div)-conforming methods represent a
class of finite element methods designed to enforce the exact divergence-free condition
for incompressible flows, as detailed in [18, 103]. Particularly, we will cope with in-
compressibility in a different fashion. In our approach, an exact penalization of the

3



incompressibility condition is formulated by introducing a nondifferentiable term given
by

‖ div(u)‖1 =
∫

Ω
| div(u(x))| dx

to penalize the constraint. The L1-norm is commonly used as an exact penalty for
equality constraints [17, Ch. 16]. We seek using an exact penalty to convert a con-
strained optimization problem into an unconstrained one. Thus, the objective of the
first part of this study is to reformulate the original problem as an unconstrained min-
imization problem with the L1-norm penalization through the following reformulation:

min
u∈H1

0(Ω)
J̃(u) + σ‖ div u‖L1 , (EP)

where σ > 0 is the penalization parameter.

Exact penalty methods rely on the penalty parameter σ, ensuring that the solution
of the unconstrained functional coincides with the solution of the constrained problem
for all sufficiently large yet finite values of σ [17, 44]. Consequently, a sufficiently large
value of σ guarantees the conditions for exactness. In this work we will investigate the
exact penalization approach and establish an estimate for σ.

The inclusion of the L1-norm serves the purpose of promoting sparsity, which en-
forces the incompressibility condition. However, it entails theoretical and numerical
challenges in view of its nonsmoothness. Problem (1.1) inherently includes an ad-
ditional nondifferentiable term,

∫
Ω |Eu|, dx. In the literature, there are mainly two

general strategies to cope with this nonsmooth term: using nonsmooth algorithms or
regularization based procedures where the original non-smooth problem is replaced by
a smooth approximation of it.

In nonsmooth methods, problem (1.1) has been solved by general augmented La-
grangian methods, the classical Alternating Direction Method of Multipliers (ADMM)
[52], [5], [59], [49], and an accelerated dual proximal gradient method [112]. On the
other hand, the regularization procedure strategy copes with the nondifferentiability
involved in the viscoplastic fluid model by regularizing the non-differentiable term, for
instance, using a Bercovier-Engelman model [14], the Papanastasiou regularization [97]
or a local Huber-C1 regularization (equivalent to the bi-viscosity model) [37].

Adopting a fully nonsmooth approach to address both nonsmooth terms simultane-
ously —the exact penalization ‖ div(u)‖1 and the term

∫
Ω |Eu| dx— result in a convex

and nonsmooth problem that can be tackle by several methods proposed in the litera-
ture. For instance, the primal-dual proximal splitting (PDPS) of Chambolle and Pock
[25] can be applied to the Bingham problem as follows:

min
u
J̃(u) +H(div u) = min

u
max
λ

J̃(u) + 〈div u,λ〉 −H∗(λ),

4



where, for the constraint case, H = δ{0}, the {0,∞}-valued indicator function, and for
the penalty case, H = ‖ · ‖L1 .

In this work, we use second-order information and treat these terms separately. Our
initial focus is on the incompressibility constraint. To this end, we retain the L1-norm
penalization term and apply the local C1 Huber regularization to approximate the term∫

Ω |Eu| dx. This regularization approach was previously employed for the Bingham flow
in a cylindrical pipe in [37] and for the two-dimensional case in [38]. Accordingly, in
the first part of this thesis we will work with a C1-regularized version of the functional
J̃ while preserving the divergence-free condition.

On the other hand, the second objective of this thesis is to analyze the unregu-
larized functional J̃ . As previously noted, incorporating the nonsmooth penalization
‖ div(u)‖1 significantly increases the complexity of the problem. To address this, in the
second part of the work we consider the Bingham flow problem in a cylindrical pipe,
where the divergence-free condition is automatically satisfied [46, Ch. IV] and the fluid
moves just under the effect of the decay of pressure in the pipe. Thus, the velocity
field reduces to u = (0, 0, u). This simplification enables us to focus exclusively on
the nonsmooth term

∫
Ω |Eu| dx which is simplified to

∫
Ω |∇u| dx. Thus, problem (1.1)

becomes
min

u∈H1
0 (Ω)

J(u) := µ

2

∫
Ω
|∇u|2 dx+ g

∫
Ω
|∇u| dx−

∫
Ω
cu dx, (1.2)

where Ω ⊂ R2 corresponds to the cross-section of a pipe and c represents a constant
linear decay of preassure.

The unregularized approach to tackle this formulation consists in applying the aug-
mented Lagrangian strategy. To accomplish this, the primal problem (1.2) is reformu-
lated as a linearly constrained minimization problem where the constraint is defined
by introducing a new variable q = ∇u. Thus, the nonsmooth term becomes

∫
Ω |q| dx.

Moreover, the violation of the constraint is then penalized with an extra quadratic
term as follows:

min J(u,q)
u∈H1

0 (Ω),q∈[L2(Ω)]2: q=∇u
:= µ

2

∫
Ω
|∇u|2 dx+ g

∫
Ω
|q| dx−

∫
Ω
cu dx+ ρ

2‖∇u−q‖2
[L2(Ω)]2 .

(1.3)

Classical algorithms for the numerical solution of this convex optimization problem
consists of a set of augmented Lagrangian methods, named as ALG1-ALG4, described
in [49]. In our case, in order to solve (1.3) we will use the corresponding saddle-
point formulation of the augmented Lagrangian problem and the framework of ALG1,
which attempts to find the saddle point by minimizing in the variables (u,q) and
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then taking a step along the dual gradient in order to maximize with respect to the
Lagrange multiplier [111]. This framework enables the study of the nonsmooth term∫

Ω |q| dx as a sparsity-promoting regularizer, which enforces zero values for all x in the
domain Ω where the material behaves as a rigid solid, i.e., where |q(x)| = |∇u(x)| =∣∣∣∣(∂u(x)

∂x1
, ∂u(x)
∂x2

)∣∣∣∣ = 0. Consequently, the norm
∫

Ω |q(x)| dx, given by

∫
Ω
|q(x)| dx =

∫
Ω

∣∣∣∣(∂u(x)
∂x1

,
∂u(x)
∂x2

)∣∣∣∣ dx =
∫

Ω
|(q1(x), q2(x))| dx =

∫
Ω

√
q2

1(x) + q2
2(x) dx,

promotes structured sparsity over the vector q in the solid-like regime. Thus, the
pairs (q1(x), q2(x)) can be analyzed as "groups" and categorized based on whether they
exhibit sparsity. Consequently, the discretized version of the term

∫
Ω |q(x)| dx can

be associated with the group-sparse norm ‖ · ‖1,2, which corresponds to the sum of
euclidean norms. We exploit this relation and extend the tools derived for problem
(1.3) to a more general formulation in Rm given by

min
u∈Rm

ψ(u) := f(u) + σ‖u‖1,2. (GS)

Where f corresponds to a fitting function, typically smooth and not necessarily convex,
σ > 0 corresponds to the penalization parameter, and the ‖ · ‖1,2 in finite dimension
reads as

‖u‖1,2 =
p∑
i=1
‖ui‖2. (1.4)

For i = 1, . . . , p, each ui is a subvector of u called group. Therefore u> = (u1,u2, . . . ,up)>.
The term ‖u‖1,2 promotes sparsity on a group level, i.e., it sets groups of coefficients
of u to zero. In this way, sparsity is promoted groupwise instead of on the individual
components of u.

Group sparsity is a highly relevant characteristic of optimization problem solutions,
particularly when prior knowledge of the sparsity patterns —often dictated by the
applications- is available. In the linear case, the best-known application example is
the so-called Group-LASSO problem [9], which consists of minimizing a least-squares
fitting term f(u) = 1

2‖Au−b‖2 together with the group sparsity term ‖u‖1,2. The aim
is to select a few groups of variables that serve as predictors in a large classification
problem. It was introduced in [9] and [123] to investigate the selection of grouped
variables in statistics.

In infinite-dimensional function spaces, particularly in optimal control, directional
sparsity [65] is a particular case of group sparsity. In this case, the sparsity term
promotes structured sparsity patterns in the optimizing variable or control. In elliptic
PDE optimal control problems in two dimension, we may consider Ω = Ω1×Ω2 where
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Ω1 = Ω2 = (0, 1). Thus, the directional sparsity term is given by

‖u‖1,2 :=
∫

Ω1

(∫
Ω2

u2(x1, x2) dx1

)1/2
dx2. (1.5)

Therefore, the sparsity patterns promoted by this norm are given over the cross sections
of the unit square domain.

Moreover, in optimal control problems, (GS) is formulated in L2(Ω) and given by
the tracking type problem:

min
u∈L2(Ω)

1
2‖S(u)− yd‖2

L2(Ω) + α

2 ‖u‖
2
L2(Ω) + σ‖u‖1,2, (1.6)

where f(u) = 1
2‖S(u) − yd‖2

L2(Ω) + α
2 ‖u‖

2
L2(Ω) and S : L2(Ω) →: L2(Ω) is the control-

to-state mapping that assigns to each control u the unique solution y of a PDE. It
is worth noting that the PDE under consideration may be non-linear, leading to the
non-convexity of the function f .

Regarding the numerical solution of problem (GS) with f convex, there is a wide
range of first-order methods that can be applied to solve it. For instance, the Group-
LASSO problem has been addressed using the well-known proximal gradient method,
the Iterative Shrinkage-Thresholding Algorithm (ISTA), and its accelerated counterpart
FISTA [4], the ADMM method [19], and block-coordinate descent methods [100]. In
this work, however, we focus on solving (GS) with f being non-convex. For the case
of non-convex f , a second-order algorithm for sparse L1-optimization was introduced
in [39]. This algorithm employs descent orthantwise directions, introduced by [1],
associated with the sparse term ‖ · ‖1. In addition, a projection step is performed to
ensure that the iterates remain in the corresponding orthant in order to estimate the
active components.

The third objective of this work is to design two numerical algorithms capable of
efficiently solve the regularized formulation of the penalized Bingham problem (EP)
and its simplified, non-regularized version (1.2). In addition, we exploit the ideas
developed for the group-sparse term in the non-regularized Bingham problem to design
a third efficient algorithm for solving problem (GS).

The algorithms proposed in this thesis are built upon a key feature: the integra-
tion of generalized second-order information derived from the nonsmooth term. In this
thesis, we extend this idea to address the Bingham flow problem and the group-sparse
optimization problem. Specifically, we construct a descent direction by solving the
minimum norm subgradient problem. To enhance this approach, we aim to accelerate
the descent direction by incorporating generalized second-order information. This in-
formation is derived from an operator obtained through the generalized differentiation
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of the corresponding semismooth function present in the functional.

For the group-sparse optimization problem, an analysis of the optimality condition
reveals that the angle between the current iterate and the steepest descent direction
must remain non-negative for non-sparse groups in an aproximate solution. Further-
more, with this result we propose an active-set strategy that aims to identify, a pri-
ori, the sparse groups in an approximate solution. Since the active set, defined as
A∗ := {i : u∗i = 0}, at a local minimum u∗ is unknown, our goal is to predict this set
at each iteration. Using this prediction, we aim to compute the group-wise steepest
descent direction of ψ for problem (GS) at every step. In addition, the active-set
strategy enables the construction of a reduced second-order matrix that incorporates
curvature information exclusively within the inactive groups.

In the following, the organization of this thesis and the main contributions are
described in more detail.

Chapter 2 recalls some basic definitions and results concerning convex optimization,
non-convex optimization, generalized differentiability, and semismooth functions, which
are essential for the development of this work.

Chapter 3 is devoted to the numerical solution of the exact penalization prob-
lem (EP) for the incompressible Bingham viscoplastic flow. This chapter provides a
comprehensive study of the problem, beginning with a review of state-of-the-art. We
introduce the steady flow of a Bingham fluid, detailing the constitutive model, and the
formulation of the stationary Bingham flow as a variational inequality. In this chapter,
we reformulate the Bingham problem addressing both unconstrained and constrained
formulations by using the C1-regularization technique. We review the KKT condi-
tions for the constrained problem. For the unconstrained problem, we explore exact
and quadratic penalization methods, emphasizing their role in recovering the fluid’s
pressure. In addition, we present a second-order method for the exact penalization
approach. The algorithm incorporates generalized second-order information, utilizing
the notion of semismoothness for superposition operators. We conclude this chap-
ter with extensive numerical experiments, demonstrating the algorithm’s performance,
comparing it with the semismooth Newton method, and extending its application to
3D geometries.

Chapter 4 explores group-sparsity in the Bingham flow problem and in non-convex
optimization. The chapter begins by reviewing the state-of-the-art approaches for the
(l1,2) norm penalization in both convex and non-convex settings. In addition, Chapter
4 is divided in two sections. In the first one, we analyze the unregularized energy
functional associated with the Bingham flow problem in a cylindrical pipe (1.2), where
the divergence-free condition is inherently satisfied. Unlike Chapter 3, in this chapter
we avoid the C1-regularization previously applied to the nonsmooth term g

∫
Ω |Eu| dx.

8



Instead, we focus on the augmented Lagrangian formulation of problem (1.2) and the
development of an optimization algorithm to solve it. Based on the framework of the
well-known ALG1 [49], we propose an algorithm that addresses the inner optimization
problem within the ALG1 structure. We study the steepest descent direction and
integrate second-order information to enhance the optimization process. We introduce
a tailored line-search strategy, followed by an active-set prediction phase to identify
and manage rigid zones within the flow. The second-order optimization algorithm is
evaluated through numerical experiments and compared against the standard ALG2
method.

In the second part we present a general group-sparse problem formulation and derive
the associated optimality conditions. We present several application examples, includ-
ing nonlinear least-squares problems with group sparsity, elliptic PDE-constrained opti-
mization, and time-dependent PDE-constrained optimization. These examples demon-
strate the versatility of group-sparse regularization in diverse contexts. We introduce
the Group Sparse Active-set Newton Method (GSNM) and detail its components such
as the steepest descent direction, an active-set prediction phase, and the incorporation
of second-order information to improve convergence. We analyze the active and inactive
index-sets and prove that they are identified at the local minimum. With this result we
prove local Q-quadratic convergence of the algorithm. Finally, the chapter addresses
the numerical implementation of GSNM and presents computational experiments to
validate its performance. Case studies include nonlinear group lasso problems and el-
liptic optimal control problems, which is compared against the semismooth Newton
method.

Contribution of the Thesis

• We analyze the exact penalization problem (EP) in the context of nonsmooth
optimization. Further, we show the existence of a lower bound for the penalizing
parameter that guarantees the equivalence of the divergence penalized optimiza-
tion problem with the original regularized formulation.

• We show that the fluid’s pressure of problem (EP) can be recovered from the
associated multiplier of the exact penalization by using an analogous approach
to the de Rham’s theory.

• We propose an algorithm to solve problem (EP) which computes a descent direc-
tion and is subsequently modified by generalized second–order information. The
second–order information is obtained by enriching the Hessian matrix associated
with the differentiable part of the cost function J̃ . This enrichment procedure
consists of adding a matrix resulting of the generalized differentiation of a Huber
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regularization of the L1 penalizing term of the divergence-free condition.

• We propose a new active-set identification strategy for group-sparse problems.
This approach relies on the angle between the current iterate and the steepest
descent direction (for each group), enabling rapid identification of the active and
inactive sets at the local optimal solution.

• We designed a descent second-order algorithm consisting of three phases to solve
group-sparse problems. The first phase involves computing the steepest descent
direction with respect to the ‖ · ‖1,2 norm. This procedure is performed on a
group-wise basis in accordance with the problem’s structure. The second phase
implements an active-set strategy to predict the active or sparse groups. The
third phase incorporates generalized second-order information of the ‖·‖1,2 norm,
in the spirit of [39]. Moreover, the proposed second-order descent algorithm is
designed for group-sparse problems that are not necessarily convex.

The majority of the results presented in this thesis are based on previously published
or submitted work. Specifically, the key contributions, methodologies, and analyses of
Chapters 3 and 4 are derived from [62] and [40] (preprint), where they were first
introduced and discussed. While this thesis incorporates these results, it also extends
the original work by providing additional context and numerical experiments to enrich
the discussion and highlight the broader applicability of the methods.

Published and submitted contribution

Throughout the course of this thesis, we have published or submitted the following
contribution:

[62] González-Andrade, López-Ordóñez, and Merino. Nonsmooth exact penaliza-
tion second-order methods for incompressible bi-viscous fluids. Computational Opti-
mization and Applications 80 (2021), 979-1025.

[40] De los Reyes, López-Ordóñez, and Merino. A Second-order Method with
Active-set Prediction For Group Sparse Optimization (preprint) (2025)
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Chapter 2

Preliminaries

This section reviews the definitions, concepts, and fundamental theoretical results that
will be used in this thesis. It presents results from both convex and nonconvex opti-
mization, along with the notions of generalized differentiability and semismoothness.

2.0.1 Notation

Along this chapter X, Y and Z are Banach spaces. The notation H is reserved for
Hilbert spaces. The space of bounded linear operators from X to Y is denoted by
L(X, Y ). The space L(X,R) is called the topological dual space of X and is denoted
by X∗. The duality pairing between X and its dual X∗ is given by 〈·, ·〉X,X∗ , while any
real product defined on X will be denoted by (·, ·)X . Moreover, ‖ · ‖ represents the
norm in the appropriate space, as determined by the context.

2.1 Convex Optimization

This section is based on [11].

Let H be a Hilbert space and let f : H → [−∞,+∞]. Function f is called proper
if it never takes the value −∞ and the effective domain, dom f := {x ∈ H : f(x) <
+∞}, is nonempty.

Furthermore, the function f is convex if and only if (∀x ∈ dom f) (∀y ∈ dom f)
(∀α ∈]0, 1[),

f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y),

f is strictly convex if and only if (∀x ∈ dom f) (∀y ∈ dom f) (∀α ∈]0, 1[),

f(αx+ (1− α)y) < αf(x) + (1− α)f(y)
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whenever x 6= y.

Additionally, f is lower semicontinuous at x ∈ dom f if

f(x) ≤ lim inf
n→∞

f(xn)

for any sequence xn → x.

In this work, we also take into account functions that are Lipschitz continuous.

Definition 2.1. Let C be a non-empty and open subset of H, then f : C ⊂ H →
[−∞,+∞] is Lipschitz continuous on C if there exists a constant Lf > 0 so that for
all x, y ∈ C,

|f(y)− f(x)| ≤ Lf‖y − x‖. (2.1)

Moreover, f : C ⊂ H → [−∞,+∞] is Lipschitz continuous at x ∈ C if (2.1) holds
for any y in the neighborhood of x. In addition, a function is called locally Lipschitz
continuous if for every x ∈ C there exists a neighborhood U of x such that f restricted
to U is Lipschitz continuous.

2.1.1 Differentiability and Subdifferentiability

Let us briefly review the classical notions of differentiability in a Hilbert space.

Let f : H → [−∞,+∞] be proper, let x ∈ dom f , and let y ∈ H. The directional
derivative of f at x in the direction y is denoted by f ′(x, y) and given by

f ′(x, y) = lim
α→0+

f(x+ αy)− f(x)
α

, (2.2)

provided that this limit exists. If this limit exists for all y ∈ H, then f is called
directionally differentiable at x in the direction y.

Proposition 2.1. Let f : H → [−∞,+∞] be proper and convex, let x ∈ dom f , and
let y ∈ H. Then f ′(x, y) exists in [−∞,+∞] and f ′(x, y − x) + f(x) ≤ f(y).

Proof. See [11, Prop. 17.2].

Let L(H,K) be the space of bounded linear operators from H to the Hilbert space
K. Let C be a non-empty and open subset of H such that f : C → K. Then, f is
Gâteaux differentiable at x if there exists an operator f ′(x) ∈ L(H,K), called the
Gâteaux derivative of f at x, such that:

(∀y ∈ H), f ′(x)(y) = lim
α→0

f(x+ αy)− f(x)
α

.
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Additionally, if the operator f ′(x) ∈ L(H,K) satisfies that

lim
0 6=‖y‖H→0

‖f(u+ y)− f(u)− f ′(u)(y)‖K
‖y‖H

= 0,

we call f Fréchet differentiable at u and f ′(u) the Fréchet derivative of f at u.

The second Gâteaux derivative of f at x is the operator f ′′(x) ∈ L(H,L(H,K))
that satisfies:

(∀y ∈ H), f ′′(x)(y) = lim
α→0

f ′(x+ αy)− f ′(x)
α

.

Similarly, the second Fréchet derivative of f at x is the operator f ′′(x) ∈
L(H,L(H,K)) that satisfies:

lim
06=‖y‖H→0

‖f ′(u+ y)− f ′(u)− f ′′(u)(y)‖L(H,K)

‖y‖H
= 0.

Let C be a subset of H, let f : C → R and suppose that f is Fréchet differentiable,
in this case we use the following notation for the Fréchet derivative:

f ′(x)(y) = 〈f ′(x), y〉H∗,H.

Theorem 2.1. Riesz-Fréchet representation. Let h ∈ L(H,R). Then there exists
a unique vector u ∈ H such that (∀x ∈ H) h(x) = (x, u)H. Moreover, ‖h‖ = ‖u‖.

Proof. See [11, Sec. 2.3].

Thanks to the Riesz-Fréchet representation we have that, given f : C → R such
that f is Fréchet differentiable at x ∈ C, then there exists a unique vector ∇f(x) ∈ H,
called the gradient of f at x, such that

(∀y ∈ H) 〈f ′(x), y〉H∗,H = (∇f(x), y)H. (2.3)

Likewise, if f is twice Fréchet differentiable at x, we can identify f ′′(x) with an
operator ∇2f(x) ∈ L(H,H) in the sense that

(∀y ∈ H)(∀z ∈ H) 〈f ′′(x)y, z〉H∗,H = (∇2f(x)y, z)H. (2.4)

Where ∇2f(x) is called the Hessian of f at x.

For H = Rn and a function f : Rn → R, the gradient of f at x is defined as

∇f(x) =
[
∂f

∂x1
(x), · · · , ∂f

∂xn
(x)
]>
.
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Moreover, f : Rn → R is said to be continuously differentiable at x ∈ R, if the
partial derivative

(
∂f
∂xi

)
(x) exists and is continuous, for all i = 1, · · · , n.

If f is continuously differentiable at every point of an open set C ∈ Rn, then f is
said to be continuously differentiable on C and denoted by f ∈ C1.

The next characterization of continuously differentiable functions is a useful result
when analyzing convergence properties of optimization algorithms in H = Rn.

Theorem 2.2. Let f : Rn → Rm be continuously differentiable in the open convex set
C ⊂ Rn. Let ∇f be Lipschitz continuous at x ∈ C (with constant L > 0). Then for
any x+ d ∈ C, we have

‖f(x+ d)− f(x)−∇f(x)d‖ ≤ L

2 ‖d‖
2.

Proof. By using the mean value theorem in integral form, we have:

f(x+ d)− f(x)−∇f(x)d =
∫ 1

0
∇f(x+ td)ddt−∇f(x)d

=
∫ 1

0
(∇f(x+ td)−∇f(x))ddt.

From the locally Lipschitz property of the Jacobian, we get:

‖f(x+ d)− f(x)−∇f(x)d‖ ≤ ‖d‖
∫ 1

0
‖∇f(x+ td)−∇f(x)‖dt

≤ L‖d‖2
∫ 1

0
tdt

= L
2 ‖d‖

2.

Subdifferentiability

For nondifferentiable convex functions, the subdifferential serves as a fundamental tool
for their analysis.

Definition 2.2. Let f : H → [−∞,+∞] be a convex, proper, and lower semicontinuous
function, its subdifferential is defined by the set-valued operator given by

∂f : H → 2H : x 7→ {u ∈ H : (∀y ∈ H) (y − x, u)H + f(x) ≤ f(y)}.

Here, the notation ∂f : H → 2H means that ∂f maps every point u ∈ H to a set
∂f(u) subset of H.

The subdifferential of a convex function can also be characterized by the directional
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derivative as follows:

∂f(x) = {u ∈ H : (∀y ∈ H) (u, y) ≤ f ′(x, y)}. (2.5)

2.1.2 Existence of Minimizers and Optimality Conditions

We collect the results of sufficient conditions for the existence of minimizers for an
extended real-valued convex function and provide a detailed characterization of these
minimizers.

Unconstrained case

We are concerned with the convex minimization problem

min
x∈H

f(x). (2.6)

The following coercivity property is crucial for the existence of minimizers of a
convex functional.

A function f : H → [−∞,+∞] is coercive if

lim
‖x‖→∞

f(x) = +∞.

Then, we have the following theorem.

Theorem 2.3. If f : H → [−∞,+∞] is proper, convex, coercive, and lower semicon-
tinuous, then problem (2.6) has at least one solution. It has a unique solution if the
function f is strictly convex.

Proof. See [47, Ch. 2 Prop. 1.2].

The following principle characterizes global minimizers of a convex proper function.

Theorem 2.4. (Fermat’s Rule) Let f : H → [−∞,+∞] be convex and proper. Then
x̄ is a global minimizer of f if, and only if, 0 ∈ ∂f(x̄).

Proof. See [11, Th. 16.2].

In addition, if f is Fréchet differentiable at x̄, ∂f(x̄) = {∇f(x̄)}. Then, we have
that x̄ is a global minimizer of f if, and only if, ∇f(x̄) = 0.

The condition 0 ∈ ∂f(x̄), given by Fermat’s Rule, is necessary and sufficient (by
convexity) for x̄ to be a global minimizer.
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Constrained case 1

We consider the following constrained convex optimization problem:

min f(x) (2.7)
s.t x ∈M,

where M be a nonempty convex subset of H.

Similarly to the unconstrained case, the existence of minimizers is given by the
following result.

Theorem 2.5. Let f : H → [−∞,+∞] be proper, convex, and lower semicontinuous.
In addition, let us assume that the set M is bounded, or that the function f is coercive
over M . Then, the problem (2.7) has at least one solution. It has a unique solution if
the function f is strictly convex over M .

Proof. See [47, Ch. 2 Prop. 1.2].

Let us characterize the solutions of problem (2.7).

Theorem 2.6. Let f : H → [−∞,+∞] be a proper, lower semicontinuous and convex
functional and letM be a nonempty convex subset of dom f . Then, x̄ ∈M is a solution
to the problem (2.7) if, and only if, there exists u ∈ ∂f(x̄) such that (y− x̄, u)H ≥ 0 for
all y ∈M . Equivalently, by the characterization given in (2.5), x̄ ∈M is a solution to
(2.7) if, and only if, the directional derivative of f at x̄ satisfies that

f ′(x̄, y − x̄) ≥ 0, for all y ∈M.

Proof. See [11, Prop. 26.5].

Additionally, if f is Fréchet differentiable at x̄, the necessary and sufficient opti-
mality condition for minimizers is given by the following variational inequality:

(∇f(x̄), y − x̄)H ≥ 0, for all y ∈M.

The variational inequality reduces to a variational equation under the following as-
sumptions.

Corollary 2.1. Assume that x̄ ∈ int M and f : M → [−∞,+∞] is proper, lower
semicontinuous, convex and Gâteaux differentiable at x̄. Then, x̄ is a solution to the
problem (2.7) if, and only if,

(∇f(x̄), y)H = 0, for all y ∈ H.
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Proof. See [102, Cor. 5.1.2]

Theorem 2.7. (Composite case ) Let f1 and f2 be lower semicontinuous convex func-
tions of M , with f2 being differentiable, such that f = f1 + f2. Then, x̄ is a solution
of problem (2.7) if, and only if,

−f ′2(x̄) ∈ ∂f1(x̄)⇐⇒ f1(x)− f1(x̄) + 〈f ′2(x̄), x− x̄ 〉H∗,H ≥ 0, for all x ∈M.

Proof. See [47, Ch. 2 Prop. 2.2]

Constrained case 2

For the following kind of constrained optimization problems, necessary and sufficient
optimality conditions often require the use of Lagrange multipliers to handle the con-
straints.

This subsection is based on [74, Ch.1]. Let us consider the constrained problem

min f(x)
s.t x ∈M and g(x) ∈ K.

(2.8)

Here, we consider that f is a real-valued functional, not necessarily convex, defined on
the real Hilbert space H. Moreover, g is a mapping from H into a real Banach space
Z and K is a closed convex cone in Z with vertex at the origin.

Remark 2.1. Recall that a set K is called cone if from x ∈ K it follows that αx ∈ K
for all α > 0.

The set of all feasible points for (2.8) is denoted by N = {x ∈ M : g(x) ∈
K} = M ∩ g−1(K). Further, it is assumed that problem (2.8) admits a solution x∗,
i.e., x∗ ∈ N and that f has a local minimum at x∗. Moreover, it is assumed that f is
Fréchet differentiable at x∗ and g is continuously Fréchet differentiable at x∗.

For a subset A of H, A+ denotes its polar cone:

A+ = {x∗ ∈ H∗ : 〈x∗, a〉H∗,H ≤ 0 for all a ∈ A}.

Further, for x ∈ H the conical hull of M\{x} = M − {x} is given by

M(x) = {α(c− x) : c ∈M,α ≥ 0}.

Recall the conical hull is the smallest cone which includes the set M\{x}.
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Definition 2.3. The Lagrange functional L : H×Z∗ → R associated to problem (2.8)
is defined by:

L(x, λ) = f(x) + 〈λ, g(x)〉Z∗,Z .

Where λ∗ ∈ Z∗ is called a Lagrange multiplier for (2.8) at the solution x∗ if λ∗ ∈
K+, 〈λ∗, g(x∗)〉Z∗,Z = 0, and

f ′(x∗) + λ∗ ◦ g′(x∗) ∈M(x∗)+,

where f ′ and g′ correspond to the Fréchet derivative.

If M = H, then the previous inclusion results in the equation

f ′(x∗) + λ∗ ◦ g′(x∗) = 0.

Lagrange multipliers play a crucial role in formulating both necessary and sufficient
optimality conditions for problem (2.8). However, a regularity condition might be
satisfied in order to ensure the existence of a Lagrange multiplier λ∗ satisfying Definition
2.3. Following the classical work of S. Kurcyusz and J. Zowe in [126], the existence of
Lagrange multipliers is given if the following condition (see [126, Sec. 1. eq. (1.4)],) is
satisfied

g′(x∗)M(x∗)−K(g(x∗)) = Z. (2.9)

Then, x∗ is a called a regular point if (2.9) holds.

With this result we can formulate the necessary optimality conditions known as the
Karush-Kuhn-Tucker (KKT) conditions for problem (2.8).

Theorem 2.8. Let x∗ be a local solution of (2.8) at which f : H → R and g :
H → Z are continuously Fréchet differentiable. Assume that the regularity condition
or constraint qualification (2.9) is satisfied at x∗.

Then there exists a Lagrange multiplier λ∗ ∈ Z∗ such that the Karush-Kuhn-Tucker
conditions for (2.8) given by

f ′(x∗) + λ∗ ◦ g′(x∗) = 0, (2.10a)

g(x∗) ∈ K, (2.10b)

λ∗ ∈ K+and 〈λ∗, g(x∗)〉Z∗,Z = 0 (2.10c)

are satisfied.

Proof. See [126, Th. 3.1]

Example 2.1. (See [74, Pag. 7]) Suppose that Z = L2(Ω) with Ω a domain in Rn and
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consider the problem
min f(x)
s.t g(x) = 0.

(2.11)

Let x∗ denote a local solution at which f is Fréchet differentiable and g is continuously
Fréchet differentiable. If g′(x∗) : H → Z is surjective, the constraint qualification or
regularity condition (2.9) is satisfied. Then, there exists λ∗ ∈ Z∗ such that the KKT
condition

f ′(x∗) + λ∗g′(x∗) = 0 in H∗

holds.

2.1.3 Descent Directions

Following the discussion in [68, Pag. 103], determining descent directions in a
Banach space X is not a standard task. For instance, for a differentiable function f ,
the derivative f ′(x) ∈ X∗ is not appropriate since it is not an element of the space
X. However, in a Hilbert space H, by the Riesz representation theorem we can choose
−∇f(x) ∈ H as the steepest descent direction. We follow [11, Sec. 17.4] to define
descent directions in the Hilbert space setting .

Recall that the notation f ′(x, d) corresponds to the directional derivative of f at x
in the direction d.

Theorem 2.9. Let f : H →] − ∞,+∞] be proper and convex, let x ∈ dom f . The
direction d ∈ H is a descent direction for f at x if and only if

f
′(x, d) < 0.

Proof. [11, Prop. 17.21].

Proposition 2.2. The steepest descent direction d̄ for a proper and convex func-
tion f : H →]−∞,+∞] is characterized as the solution of the following optimization
problem constrained to the unit ball in H:

min
‖d‖≤1

f ′(x, d).

Thus, d̄ is the unique minimizer of f ′(x, d) over all d in the unit ball. Additionally,
the steepest descent direction can also be described by the minimum norm subgradient,
i.e.,

d̄ = − η̄

‖η̄‖
, (2.12)
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where η̄ is given by:
η̄ = arg min

η∈∂f(x)
‖η‖, (2.13)

see [11, Prop. 17.22]

2.2 Non-convex optimization

In this section we cover concepts of generalized derivatives for locally Lipschitz contin-
uous functionals. Consider a functional f : X → R where X is a Banach space. Recall
that f is locally Lipschitz continuous near x ∈ X if there exists a δ > 0 and L > 0
such that

|f(x1)− f(x2)| ≤ ‖x1 − x2‖, for all x1, x2 ∈ U(x, δ),

where U(x, δ) is a neighborhood of x

This subsection is based on [32, Ch. 10].

The Clarke’s generalized directional derivative of f : X → R at x in the
direction h ∈ X is given by:

f ◦(x, h) := lim sup
y→x
t↓0

f(y + th)− f(y)
t

.

Unlike the classical definition of the directional derivative, this concept does not
require the existence of a limit. Instead, it only considers the behavior of the function f
in an arbitrarily small neighborhood around x where the base point y in the difference
quotient varies.

Next, the Clarke subdifferential for a locally Lipschitz continuous function f :
X → R at x is defined as

∂Cf(x) = {ξ ∈ X∗ : 〈ξ, h〉X∗,X ≤ f ◦(x, h) for all h ∈ X}. (2.14)

Moreover, we have that:

f ◦(x, h) = max
ξ∈∂Cf(x)

〈ξ, h〉X∗,X for all h ∈ X. (2.15)

If f is convex and lower semicontinuous, and if x ∈ int dom f , then ∂C = ∂f(x).

However, in finite dimensions, an explicit characterization of the Clarke subdiffer-
ential can be obtained thanks to Rademacher’s Theorem, which is valid only in Rn.

Theorem 2.10. (Rademacher) Let U ⊂ Rn be open and f : U → R be Lipschitz
continuous. Then f is Fréchet differentiable at almost every x ∈ U .
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Proof. See [45].

We denote by Df ⊂ U the set of all x ∈ U at which f admits a Fréchet derivative
f ′(x) ∈ Rn. Thus, the characterization of Clarke’s subdifferential is given as follows.

Definition 2.4. Let U ⊂ Rn be open and f : U → R be Lipschitz continuous near
x ∈ U . The set

∂Bf(x) = {M ∈ Rn : ∃(xk) ⊂ Df : xk → x, f ′(xk)→M}

is called Bouligand-subdifferential of f at x. Moreover, Clarke’s subdifferential of
f at x is the convex hull ∂Cf(x) = co(∂Bf(x)).

The set ∂Cf(x) = co(∂Bf(x)) is also called Clarke’s generalized Jacobian.

Theorem 2.11. Let U ⊂ Rn be open and let f : U → R be continuously differentiable
in a neighborhood of x, then ∂Cf(x) = ∂Bf(x) = {f ′(x)}.

Proof. See [8, Th. 3.7].

Theorem 2.12. If the function f : Rn → R is convex, then:

• ∂Cf(x) = ∂f(x) and

• f ′(x, d) = f ◦(x, d) for all d ∈ Rn.

Proof. See [8, Th. 3.8].

2.2.1 Optimality Conditions in Rn

Similarly to the convex case, in this section we will review the optimality conditions
for the following non-convex problem in X = Rn:

min
x∈Rn

f(x), (2.16)

where the objective function f : Rn → R is locally Lipschitz continuous. The necessary
conditions for function f to attain its local minimum are given below.

Theorem 2.13. Let f : Rn → R be a locally Lipschitz continuous function at x∗ ∈ Rn.
If f attains its local minimum at x∗, then

0 ∈ ∂Cf(x∗) and f ◦(x∗, d) ≥ 0, for all d ∈ Rn.

Proof. See [8, Th. 4.1]

Definition 2.5. [8, Def. 4.3] A point x ∈ Rn satisfying 0 ∈ ∂Cf(x) is called a
stationary point of f .
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2.2.2 Descent Directions in Non-convex Optimization

Similarly to the convex case, identifying a direction in which the objective function
values decrease is crucial for any descent optimization method. We present a charac-
terization of a descent direction for a locally Lipschitz continuous function.

This section is based on [8, Sec. 4.1.2] and [7, Sec. 1.3].

Theorem 2.14. Let f : Rn → R be a locally Lipschitz continuous function at x ∈ Rn.
The direction d ∈ Rn is a descent direction for f at x if

f ◦(x, d) < 0.

Proof. [8, Sec. 4.1.2].

Corollary 2.2. Let f : Rn → R be a locally Lipschitz continuous function at x ∈ Rn.
Then either 0 ∈ ∂Cf(x) or there exists a descent direction d ∈ Rn for f at x.

Proof. See [8, Cor. 4.1].

Additionally, as discussed in [7, Sec. 1.3], one approach to determining the steepest
descent direction d̂ for f at x ∈ Rn is by solving the following optimization problem
constrained to the unit ball:

min
‖d‖≤1

f ◦(x, d), (2.17)

which due to (2.15) is equivalent to:

min
‖d‖≤1

max
ξ∈∂Cf(x)

〈ξ, d〉

Both the unit ball and ∂Cf(x) are compact sets in Rn, with ∂Cf(x) also being convex.
Therefore, by applying von Neumann’s minimax theorem, we can interchange the order
of optimization:

max
ξ∈∂Cf(x)

min
‖d‖≤1
〈ξ, d〉 = max

ξ∈∂Cf(x)
〈ξ,− ξ

‖ξ‖
〉 = max

ξ∈∂Cf(x)
(−‖ξ‖) = − min

ξ∈∂Cf(x)
‖ξ‖.

Thus, this approach is equivalent to finding the generalized subgradient with the min-
imum norm, i.e., the steepest descent direction is described as

d̂ = − ξ̂

‖ξ̂‖
, (2.18)

where ξ̂ is given by:
ξ̂ = arg min

ξ∈∂Cf(x)
‖ξ‖. (2.19)

22



2.3 Generalized Differentiability and Semismooth-
ness

The concept of semismoothness was introduced in [90] for real-valued functions
on finite-dimensional spaces, and later extended to vector-valued mappings between
finite-dimensional spaces in [98] and [99]. In infinite-dimensional spaces, the notion of
semismoothness was extended in [28] and [114]. Moreover, for this type of generalized
differentiability the term slant differentiability was coined in [28]. Additionally, in
[80] and [79], the author introduced a similar notion to slant differentiability and coined
the name Newton map.

This section is based on [115].

2.3.1 Semismoothness in Finite-dimensional Spaces

In finite dimensions, for locally Lipschitz continuous functions, semismoothness, as
described in [34], involves selecting an appropriate candidate from Clarke’s subdif-
ferential, which is conveniently characterized in Definition 2.4 through Rademacher’s
Theorem. Thus, a function f : Rn → Rm is called semismooth at x if f is locally
Lipschitz continuous near x and, if for any s ∈ Rn, the following limit exists:

lim
M∈∂Cf(x+τd)
d→s,τ→0+

Md.

Semismoothness admits equivalent characterizations as follows.

Proposition 2.3. Let f : U → R be defined on the open set U ⊂ Rn. Then for x ∈ U
the following statements are equivalent:

• f is semismooth at x.

• f is Lipschitz continuous near x, the directional derivative f ′(x, ·) exists, and

sup
M∈∂Cf(x+s)

‖Ms− f ′(x, s)‖ = o(‖s‖) as s→ 0.

• f is Lipschitz continuous near x, the directional derivative f ′(x, ·) exists, and

sup
M∈∂Cf(x+s)

‖f(x+ s)− f(x)−Ms‖ = o(‖s‖) as s→ 0.

Proof. See [115, Prop. 2.7].
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Remark 2.2. Directional differentiability and Bouligand differentiability are equivalent
for locally Lipschitz continuos mappings between finite-dimensional spaces [104].

Example 2.2. (max function [67, Lemma 3.1]) The mapping y → max(0, y) from Rn

to Rn is semismooth or slantly differentiable on Rn, and the following matrix-valued
function Gm : Rn → Rn×n is the slant or generalized derivative defined by

Gm(y) = diag (g1(y1), · · · , gn(yn)),

where gi : R→ R is given by

gi(z) =


0 if z < 0,
1 if z > 0,
δi if z = 0,

(2.20)

with 0 ≤ δi ≤ 1.

Additionally, the composition of semismooth functions is semismooth [115, Prop.
2.9].

Proposition 2.4. Let U ⊂ Rn and V ⊂ Rl be open sets. Let g : U → V be semismooth
at x ∈ U and h : V → Rm be semismooth at g(x) with g(U) ⊂ V . Then the composite
map f = h ◦ g : W → Rm is semismooth at x.

Proof. See [115, Prop. 2.9].

2.3.2 Semismoothness in Infinite-dimensional Spaces

In this section, we review the concept of semismoothness in Banach spaces for super-
position operators.

Superposition operators or Nemytskii operators are a class of operators in Lp

spaces that result from the composition of Lp - nonlinear functions.

Following the work and notation introduced in [115], we consider Nemytskii (or
superposition) operators Φ : Y → Lr(Ω), defined by

Φ(u)(x) = φ(F (u)(x)) (2.21)

for almost all x on Ω. Here, Y is a real Banach space. The mappings φ : Rm → R
and F : Y → ∏m

i=1 L
ri(Ω), with 1 ≤ r ≤ ri < ∞, satisfy the following conditions

[115][Assump. 3.32]:
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Assumption 2.1. There are 1 ≤ r ≤ ri < qi ≤ ∞, for 1 ≤ i ≤ m, such that:

a) The mapping F : Y → ∏m
i=1 L

ri(Ω) is continuously Fréchet differentiable.

b) The mapping Y 3 u 7→ F (u) ∈ ∏m
i=1 L

qi(Ω) is locally Lipschitz continuous, i.e.,
for all u ∈ Y there exists an open neighborhood V (u) and a constant LF (V ) such
that: ∑

i

‖Fi(u1)− Fi(u2)‖Lqi ≤ LF‖u1 − u2‖ ∀u1, u2 ∈ V.

c) The function φ : Rm → R is Lipschitz continuos, i.e.,

|φ(x1)− φ(x2)| ≤ Lφ‖x1 − x2‖, ∀x1, x2 ∈ Rm.

d) φ is semismooth.

In addition, we use the following definition of semismoothness [115][Def. 3.48].

Definition 2.6. The operator Φ is called semismooth at y ∈ Y if it satisfies

sup
G∈∂◦Φ(u+h)

‖Φ(u+ h)− Φ(u)−Gh‖Lr = o(‖h‖Y ), as h→ 0 in Y, (2.22)

where ∂◦Φ corresponds to the generalized differential:

∂◦Φ(u) =

 G ∈ L(Y, Lr) such that G : v 7→ ∑
iMi(u)(F ′i (u)v),

where M(u) is a measurable selection of Clarke’s generalized Jacobian ∂Cφ(F (u))


(2.23)

We conclude this section with the following result about semismoothness of super-
position opeators.

Theorem 2.15. Under Assumption 2.1, the operator (2.21) is semismooth on Y .

Proof. See [115, Th. 3.49]
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Chapter 3

Part I: Exact Penalty Approach for
the Incompressibility Condition in
the Bingham Flow Problem

This chapter focuses on the analysis and design of a second-order optimization al-
gorithm for the numerical solution of the stationary flow of a Bingham fluid. The
algorithm is designed to address a penalized nonsmooth energy functional associated
with the following Bingham flow problem:


min

u∈H1
0(Ω)

J̃(u) := µ
∫

Ω
Eu : Eu dx+ g

∫
Ω
|Eu| dx−

∫
Ω

fb · u dx,

s.t. div u = 0,

where u represents the velocity field and g > 0 corresponds to the yield stress param-
eter.

To address the incompressibility condition, div u = 0, we employ an exact penal-
ization in terms of the L1-norm. This penalization transforms the constraint problem
into a nonsmooth unconstrained optimization formulation:

min
u∈H1

0(Ω)
J̃(u) + σ‖ div u‖1,

where σ > 0 is the penalization parameter. For this formulation, we propose a second-
order descent algorithm. Our method solves the resulting nonsmooth problem by
considering the steepest descent direction and extra generalized second–order infor-
mation associated to the nonsmooth term. This method has the advantage that the
divergence-free property is enforced by the designed descent direction without the need
of build-in divergence-free approximation schemes.

In Section 3.1, we review the state-of-the-art approaches for the Bingham flow prob-
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lem. Section 3.2 focuses on the constitutive model for the steady flow of a Bingham
fluid and the formulation of this problem as a variational inequality. Since the varia-
tional inequality serves as the optimality condition for a convex optimization problem,
we present the constrained convex problem and its regularized formulation using the
C1-Huber regularization. In Section 3.3.2, we examine the KKT conditions for the
constrained problem.

Section 3.4 analyzes the exact penalization of the divergence-free constraint and
provides a sharp estimation of the penalty parameter required to achieve exact penal-
ization. Quadratic penalization is discussed in Section 3.5. Additionally, Section 3.6
addresses the recovery of the fluid’s pressure for both penalty methods—quadratic and
exact penalizations. In this section, we argue the existence of a function that serves as
the pressure of the fluid.

The subsequent sections focus on the analysis of a second-order method for the
exact penalization approach. This algorithm incorporates generalized second-order
information, utilizing the notion of semismoothness for superposition operators. The
chapter concludes with numerical experiments comparing it to the Semismooth Newton
method and extending its application to 3D geometries.

The main results in this Chapter were first obtained in a joint work with Sergio
González and Pedro Merino in [62].

3.1 State-of-the-Art: Optimization Methods for Solv-
ing Bingham Fluids

The numerical simulation of incompressible Bingham fluids has advanced significantly
with the application of various optimization techniques. This progress is rooted in the
fact that the flow of a Bingham fluid is characterized by a variational inequality of the
second kind, which serves as the optimality condition for a nondifferentiable convex
optimization problem.

The optimization methods address the inherent challenges posed by the yield stress
behavior of Bingham fluids, which exhibit both solid and liquid characteristics depend-
ing on the applied stress.

This review summarizes the state-of-the-art techniques used in the simulation of
Bingham fluids, focusing on optimization methods.

One of the classical approaches for minimizing the Bingham energy functional is
the Uzawa algorithm [56, 110], which is applied to the equivalent saddle-point prob-
lem. A closely related technique is the Augmented Lagrangian method [49, 52], which
introduces an additional multiplier interpreted as the extra stress tensor. Both meth-
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ods are particularly effective in accurately capturing the transition between yielded
and unyielded regions. However, for large-scale problems, the need for detailed mesh
refinement can lead to increased computational demands, which makes standard nu-
merical discretization challenging [119, 124]. Numerous studies in the literature have
implemented algorithms based on the Augmented Lagrangian framework, including
[42, 49, 50, 71, 72, 91, 92, 101, 117].

In [16], the authors propose an alternative optimization method to traditional pe-
nalization and augmented Lagrangian techniques, which consists in the use of second-
order cone programming (SOCP). This approach formulates the minimum principle
for Bingham fluid flows as an SOCP problem, which can be efficiently solved using
primal-dual interior point solvers. This method avoids the need for regularization and
mixed stress-velocity approaches.

In [38], the authors proposed a semismooth Newton Method for the numerical sim-
ulation of two-dimensional stationary Bingham fluid flow. This method involves the
Tikhonov regularization and the use of Fenchel’s duality to obtain optimality systems.
The proposed semismooth Newton algorithm is formulated in finite dimensions and
incorporates additional regularization, ensuring local superlinear convergence and de-
livering efficient numerical performance.

The integration of the augmented Lagrangian method with physics-informed neural
networks (PINNs) was proposed in [125] for the Bingham fluid flow simulation. This
method uses the flexibility of PINNs, allowing for the learning of parameter-dependent
numerical solutions through the training process. The augmented Lagrangian method
used in conjunction with PINNs provides a feasible loss function for deep learning,
enhancing the simulation’s accuracy and efficiency. However, this method can lead
to large-scale,ill-conditioned linear systems that require preconditioning. This adds
computational overhead and complexity to the simulation process.

Regularization techniques continue to play a crucial role in stabilizing numerical
simulations, ensuring accurate and reliable results. For instance, regularization such
as the Papanastasiou model [97], are commonly used to address the computational
difficulties associated with the classical Bingham model as in [107]. These techniques
smooth out the yield stress behavior, making the numerical simulation more stable.

Additionally, enforcing the incompressibility or divergence-free condition in numer-
ical simulations presents a significant challenge. Below is a summary of the approaches
employed to address this issue.

Several advancements have been made in the Smoothed Particle Hydrodynamics
(SPH) framework to handle the incompressibility condition. For instance, in [13] the
Divergence-Free SPH method enforces incompressibility by maintaining a constant den-
sity and a divergence-free velocity field.
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If the finite–element–method is used for the numerical approximation of viscoplastic
fluids, several important stability issues arise that need to be addressed. Particularly,
the well–known Ladyzhenskaya–Babuška–Brezzi condition [55, Ch.2 Sec.1.4] must hold
in order to guarantee a stable approximation. This conditions is satisfied, for instance,
by Taylor–Hood finite elements [55, Ch.2 Sec.4.2]. In addition, the divergence–free
constraint is another important condition which can be incorporated in the finite ele-
ment approximation. In [26], a numerical model for the simulation of incompressible
two-phase flows is presented. Here, a finite element method combined with a penal-
ization method has been used to handle the incompressibility constraint in two-phase
flow simulations.

3.2 Steady Flow of a Bingham Fluid

3.2.1 Notation

The following notation will be used thorough the rest of the chapter. The Euclidean
norm in Rn is denoted by | · |. The duality pairing between a Banach space Y and its
dual Y ∗ is given by 〈·, ·〉Y,Y ∗ , while any real inner product defined on Y will be noted
by (·, ·)Y .

Recall that a domain Ω is said to have a Lipschitz boundary if its boundary can be
locally represented as the graph of a Lipschitz continuous function. Accordingly, we
assume that the domain Ω is an open and bounded subset of Rn, for n = 2, 3, with
Lipschitz boundary.

The Frobenius scalar product in Rn×n and its associated norm are defined by

A : B = tr(AB>) and |A| =
√

(A : A), for A, B ∈ Rn×n,

respectively. Recall that, for simplicity of notation, both the Euclidean norm and the
Frobenius norm are denoted by | · | Any potential ambiguity is avoided due to the
context provided by the argument.

We use the following spaces: L2(Ω) is the collection of square-integrable functions
defined on Ω,

H1(Ω) =
{
u ∈ L2(Ω) : ∂u

∂xi
∈ L2(Ω) for i = 1, · · · , n

}
,

H1
0 (Ω) =

{
u ∈ H1(Ω) : u|Γ = 0

}
,

L2
0(Ω) =

{
q ∈ L2(Ω) :

∫
Ω
q dx = 0

}
.
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We use the bold notation for the vector spaces, such as H1
0(Ω) = (H1

0 (Ω))n. Further,
we introduce the space of symmetric matrices of Lp-functions as

Lp(Ω) :=
{
τ = (τij)ni,j=1 : τij = τji ∈ Lp(Ω)

}
.

Taking into account that u is the velocity field of a fluid, the divergence–free space is
given by

V = {u ∈ H1
0(Ω) : div u = 0}.

Finally, we use the notation pr for the pressure and E = 1
2(∇+∇>) for the symmetric

gradient operator - strain rate tensor. Considering that E : H1
0(Ω)→ L2(Ω), we obtain

that Eu = (Eij(u)), with Eij(u) := 1
2( ∂ui

∂xj
+ ∂uj

∂xi
) ∈ L2(Ω) for 1 ≤ i, j ≤ n. Moreover, by

[31, pp. 404], we have that
∫

Ω
Eu(x) : Eu(x) dx = ‖Eu‖2

L2 .

3.2.2 Constitutive Model

Viscoplastic fluids are materials distinguished by a yield stress, meaning they flow like
liquids when the applied stress surpasses the yield stress; otherwise, they act as rigid
solids [70]. In particular, we focus on Bingham fluids, which are a specific class of yield
stress fluids.

Precise constitutive equations exist to characterize viscoplastic fluids, enabling a
clear distinction between yielded and unyielded regions. The differentiation between
zones is determined by the relationship between stress and the rate of strain tensor,
which describes the relative deformation of a material and is defined in terms of the
symmetric components of the velocity gradient. We will review the constitutive relation
of the Bingham material involving the stress, denoted by τ , and the rate of strain tensor
given by Eu = 1

2(∇u + (∇u)>). When the rate of strain is zero, the magnitud of the
stress is below the yield stress parameter g ≥ 0 and the fluid moves as a rigid-solid
body. When the stress exceeds g, the fluid deforms and moves as a liquid. This dual
behavior is modeled by |τ | ≤ g, if Eu = 0,

τ = 2µEu + g Eu
|Eu| , if Eu 6= 0,

(3.1)

where µ > 0 is the viscosity of the fluid.

Additionally, the strong formulation of the Bingham flow problem is based on the
principles of momentum and mass conservation described by the Navier-Stokes equa-
tions. These equations, combined with the rheological model defined by (3.1) and
appropriate boundary conditions form the complete mathematical model of the Bing-
ham flow problem. We analyze the stationary flow model of a Bingham fluid, where
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the functions involved in the model are independent of time. Let Ω be an open set of
Rn, n ∈ {2, 3}, with regular boundary Γ. The flow equations for a Bingham fluid in Ω
are given by the following system of equations (see [60] and the references therein):



Div τ +∇pr + fb = 0, in Ω,
div u = 0, in Ω,
|τ | ≤ g, if Eu = 0,
τ = 2µEu + g Eu

|Eu| , if Eu 6= 0,
+ Boundary conditions on Γ.

(3.2)

Here, Div denotes the row-wise divergence operator, fb represents the body force acting
on the fluid, and pr corresponds to the fluid’s pressure.

3.2.3 Stationary Bingham Flow as a Variational Inequality

In the foundational work [46], the weak formulation of system (3.2) was established.
Consequently, our focus is on the steady Bingham flow (3.2) expressed in its variational
form. In the stationary case, we assume the fluid flows under the influence of a forcing
term fb and is confined within the domain Ω. Consequently, we impose homogeneous
Dirichlet boundary conditions.

Let us define the function space for the variational formulation as follows:

V = {u ∈ H1
0(Ω) : div u = 0}.

We refer to ũ ∈ V as the weak solution of the stationary viscoplastic flow problem (3.2)
if the following variational inequality of the second kind holds (see [46], [110], [57], and
the references therein):

a(Eũ, Ev− Eũ) + j(Ev)− j(Eũ) ≥ 〈fb,v− ũ〉L2(Ω) for all v ∈ V, (3.3)

where the bilinear form a(·, ·) is given by:

a(Eu, Ev) := 2µ
∫

Ω
Eu(x) : Ev(x) dx,

and
j(Eu) := g

√
2
∫

Ω
|Eu(x)| dx.

Moreover, the variational inequality (3.3) represents an optimality condition for a
convex optimization problem. From Theorem 2.7, we obtain the following characteri-
zation of the weak solution: the velocity field ũ ∈ V is a weak solution of the stationary

31



Bingham problem, if, and only if,

ũ = arg min
u∈V

J̃(u) := µ
∫

Ω
Eu(x) : Eu(x) dx+ g

∫
Ω
|Eu(x)| dx−

∫
Ω

fb(x) ·u(x) dx. (3.4)

For clarity and brevity, the dependence on x in the velocity field u will be omitted in
the following sections, except where explicitly required to prevent ambiguity.

3.3 Bingham Problem as a Convex Optimization
Problem

3.3.1 Unconstrained Problem and Regularization

From the last section we deduced that the solution of the following nondifferentiable
convex problem corresponds to the velocity field of the steady-state Bingham flow.

min
u∈V

J̃(u) := µ
∫

Ω
Eu : Eu dx+ g

∫
Ω
|Eu| dx−

∫
Ω

fb · u dx. (3.5)

The nondifferentiability in problem (3.5) arises from the norm in the second term,
g
∫

Ω |Eu| dx. We address this nonsmoothness by employing a local regularization tech-
nique.

Huber regularization

The Huber regularization function [69] is a widely used tool in optimization and sta-
tistical modeling, particularly for robust regression and regularization techniques. The
Huber function is controlled by a threshold or approximation parameter, β > 0, that
determines the point of transition between a quadratic form for small values of the
argument and a linear form for large values. The Huber regularization for the absolute
value | · | is defined by a piecewise function ψ : R→ R given by:

ψ(u) =

|u| −
1

2β , if |u| ≥ 1
β
,

β
2 |u|

2, if |u| < 1
β
.

In Figure 3.1, we illustrate that as β increases, the approximation of the absolute value
becomes more accurate.

The Huber regularization for the Bingham flow problem, introduced in [37], repre-
sents a local C1 regularization of the Frobenius norm, providing a smooth approxima-
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Figure 3.1: Absolute value’s Huber regularization.

tion that facilitates numerical computations and analysis. It is denoted by Ψ : Rd×d →
R and defined by:

Ψ(A) =

g|A| −
g2

2β , if |A| ≥ g
β
,

β
2 |A|

2, if |A| < g
β
,

(3.6)

where β > 0 is approximation parameter. Clearly, we have that β → ∞ implies that
Ψ(A)→ |A|.

Thus, the regularized Bingham problems is given by

min
u∈V

J(u) := µ
∫

Ω
Eu : Eu dx+

∫
Ω

Ψ(Eu) dx−
∫

Ω
fb · u dx. (3.7)

Bi-viscosity Model

The regularized problem (3.7) can be equivalently derived from a smooth approxima-
tion of the Bingham constitutive laws (3.1). Specifically, this smooth approximation
is obtained using the bi-viscosity model, as introduced in [108], [95], and [51]. This
bi–viscous fluid rheology is described by introducing, for the solid regime, a second
viscosity µ1 which is large but finite. In the liquid-like regime, the original Bingham
model holds with the viscosity µ bounded. A dimensionless regularization parameter
ε, which is a function of the ratio between µ and µ1, is also introduced in the bi-viscous
model. Therefore, the stress in the bi–viscous rheology can be written as follows (see
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[111, Sec. 4.30]):
τ = 2µEu + g

Eu
max( ε

µ
g, |Eu|) . (3.8)

Thus, bi-viscosity approach provides an equivalent formulation as the one obtained
by the Huber regularization given in (3.7). Then, parameter β in (3.6) can be approx-
imated in terms of 1/ε, where ε is the bi-viscosity model parameter.

Uniqueness of the solution

The objective funcional J in (3.7) is proper, strictly convex, continuous and coercive
over V ⊂ H1

0(Ω) (see [56, 60, 86]). Therefore, from the review of convex analysis in
Chapter (2), Theorem (2.5) implies the existence of a unique solution ũ ∈ V ⊂ H1

0(Ω)
of (3.7).

The results presented in the following sections were first introduced and proved in
[62].

3.3.2 Constrained Problem and KKT Conditions

The unconstrained optimization problem (3.7) is posed in the divergence–free space
V . Thus, we can reformulate this problem as the following constrained optimization
problem in H1

0(Ω):


min

u∈H1
0(Ω)

J(u) := µ
∫

Ω
Eu : Eu dx+

∫
Ω

Ψ(Eu) dx−
∫

Ω
fb · u dx

subject to: div u = 0,
(CP)

where div : H1
0(Ω)→ L2

0(Ω). (CP) is a convex differentiable optimization problem with
differentiable equality constraints that has a unique solution.

A regularity condition is needed in order to guarantee the existence of a Lagrange
multiplier that allows us to derive a Karush-Kuhn-Tucker (KKT) system for the con-
strained problem (CP). Thus, following the review presented in Section 2.1.2, we need
to prove that the regularity condition (2.9) holds (see Theorem 2.8). In our context,
since the constraint is given by the linear operator div, and its derivative is the operator
itself, div : H1

0(Ω)→ L2
0(Ω), condition (2.9) takes the following form

C = Z = L2
0(Ω), (3.9)

where C := {α div v : α ≥ 0,v ∈ H1
0(Ω)} is the cone generated by the image of the

divergence operator. Moreover, from Example 2.11, an immediate observation is that
the condition (3.9) is satisfied since the continuous linear operator - div : H1

0(Ω) →
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L2
0(Ω) - is surjective (see [31, Th. 6.14-1]). Therefore, by Theorem 2.8, we infer the

existence of a Lagrange multiplier λ ∈ L2
0(Ω) associated to the constraint div u = 0,

such that the following system at the solution ũ, is satisfied:

div ũ = 0, (3.10a)

〈J ′(ũ) + grad λ,u− ũ〉H−1,H1
0

= 〈J ′(ũ),u− ũ〉H−1,H1
0

− (λ, div(u− ũ))L2 = 0, ∀u ∈ H1
0(Ω).

(3.10b)

Here, − div : H1
0(Ω)→ L2

0(Ω) is the dual operator of grad : L2
0(Ω)→ H−1(Ω) (see [31,

Th. 6.14-1]) and J ′(u) : H1
0(Ω)→ R is the Fréchet derivative of J at u, given by

〈J ′(u),v〉H−1,H1
0

= 2µ
∫

Ω
Eu : Ev + g

∫
Ω
β

Eu : Ev
max(g, β|Eu|) dx−

∫
Ω

fb · v dx. (3.11)

Recall that L2
0(Ω) is identified with its dual space.

Notice that the last derivative has a nondifferentiable term involving the max func-
tion.

The following technical result regarding this nondifferentiable term will be useful
in the forthcoming analysis.

Lemma 3.1. Let g > 0 be given. For fixed β > 0, let u ∈ H1
0(Ω) and let Eu

β :=
{x ∈ Ω : β|Eu| < g} and Iu

β := {x ∈ Ω : β|Eu| ≥ g}. The superposition operator
θβ(u) := max(g, β|Eu|) satisfies the following inequalities:

θβ(u)(x)− θβ(v)(x)



= 0, if x ∈ Eu
β ∩ Ev

β ,

≤ 0, if x ∈ Eu
β ∩ Iv

β ,

≤ β|Eu(x)− Ev(x)|, if x ∈ Ev
β ∩ Iu

β ,

≤ β|Eu(x)− Ev(x)|, if x ∈ Iu
β ∩ Iv

β ,

(3.12)

for almost all x in Ω and for all u and v in H1
0(Ω).

Proof. Let u,v ∈ H1
0(Ω). We analyse pointwise bounds of θβ(u) − θβ(v) on the four

disjoint sets: Eu
β ∩ Ev

β , Eu
β ∩ Iv

β , Ev
β ∩ Iu

β and Iu
β ∩ Iv

β .

Consider Eu
β ∩ Ev

β . In this set, (3.12) is directly satisfied since θβ(u) = θβ(v) = g.
Hence θβ(u)− θβ(v) = 0. On Eu

β ∩ Iv
β , we have that θβ(u) = g and θβ(v) = β|Ev| with

β|Ev| ≥ g. Therefore, we have the relation:

θβ(u)− θβ(v) = g − β|Ev| ≤ g − g = 0 ≤ β|Eu− Ev|. (3.13)

Next, in Ev
β ∩ Iu

β it follows that θβ(v) = g and θβ(u) = β|Eu| with β|Eu| ≥ g.
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Therefore, (3.12) is fulfilled, since

θβ(u)− θβ(v) = β|Eu| − g < β|Eu| − β|Ev| ≤ β|Eu− Ev|.

Finally, in Iu
β ∩ Iv

β , we have that θβ(u) = β|Eu| and θβ(v) = β|Ev| . Therefore, we
have that

θβ(u)− θβ(v) = β|Eu| − β|Ev| ≤ β|Eu− Ev|.

Thus, since the four given sets provide a disjoint partitioning of Ω, inequality (3.12) is
satisfied for almost all x in Ω.

Remark 3.1. Let u ∈ H1
0(Ω) be given. Then, we have that

|Eu|
θβ(Eu) ≤

1
β
, a.e. in Ω. (3.14)

Indeed, since θβ > 0 and by recalling the sets Eu
β and Iu

β from Lemma 3.1, we anal-
ogously observe that the following pointwise estimates hold. On Eu

β , we have that
θβ(Eu) = g and that |Eu| < g

β
. Then, we obtain that

|Eu|
θβ(Eu) = |Eu|

g
<

1
β
, a.e. in Ω.

On Iu
β , we have that θβ(Eu) = β|Eu|. Then, we obtain that

|Eu|
θβ(Eu) = |Eu|

β|Eu|
= 1
β
, a.e. in Ω.

3.4 Exact Penalization Formulation

We have rewritten the Huber regularized Bingham problem as the constrained op-
timization problem (CP) to characterize its solutions via a KKT system. Now, the
idea behind the penalty approach is to consider the constraint as a penalization of the
objective functional. This approach leads us again to an unconstrained problem to
be analyzed. In the case of the steady-state bi-viscous flow, taking into account the
sparsification property of the L1–norm we propose an exact penalization as follows.

Jσ(u) := J(u) + σ‖ div(u)‖L1 , (3.15)

where σ > 0 and J(u) is given in (CP). Moreover, the functional given in (3.15) is also
proper, continuous, strictly convex, and coercive, i.e.,

lim
‖u‖H1

0
→∞

Jσ(u) = +∞.
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Thus, from Theorem 2.3, we conclude that the minimization problem

min
u∈H1

0(Ω)
Jσ(u) (EP)

has a unique solution ūσ ∈ H1
0(Ω). Additionally, by Fermat’s Rule (see Theorem 2.4),

the optimality condition reads as follows

0 ∈ ∂Jσ(ūσ) := J ′(ūσ) + ∂h(ūσ), (3.16)

where h(ūσ) = σ‖ div(ūσ)‖L1 and ∂h(ūσ) is the convex subdifferential of h at ūσ.
Moreover, taking into account that h = σ‖ · ‖L1 ◦ div, and by using the rules of
subdifferential calculus for the composition of functions (see [33, Th. 4.13]), we have
that for η ∈ ∂h(u), there exists ζ ∈ σ∂‖ · ‖L1(div u), such that

〈η,v〉H−1,H1
0

= 〈− grad ζ,v〉H−1,H1
0

= (ζ, div v)L2 , ∀v ∈ H1
0(Ω). (3.17)

Therefore, the optimality condition (3.16) turns into

〈−J ′(ūσ),v〉H−1,H1
0

= (ζ, div v)L2 , ∀v ∈ H1
0(Ω). (3.18)

Remark 3.2. Note that ζ ∈ σ∂‖ · ‖L1(div ūσ) yields that ζ ∈ L2
0(Ω), and |ζ| ≤

σ a.e. in Ω, i.e., ζ ∈ L∞(Ω).

Let us now discuss about the equivalence of the constrained problem (CP) and the
penalized problem (EP).

Theorem 3.1. Let ũ be the solution of problem (CP). Then ũ is also the solution of
(EP). Furthermore, let ūσ be the solution of problem (EP), associated to a given σ.
Then, there exists σ0 > 0 such that for all σ > σ0 the divergence free condition

‖ div ūσ‖L1 = 0,

holds. This fact implies that ūσ is solution of the constrained problem (CP), i.e.,
ūσ = ũ, for σ > σ0.

Proof. Since div ũ = 0 and J(ũ) ≤ J(u), it follows that

J(ũ) + σ‖ div ũ‖L1 = J(ũ) ≤ J(u) ≤ J(u) + σ‖ div u‖L1 , ∀u ∈ H1
0(Ω).

Thus, the solution ũ of the constrained problem (CP) is also the minimizer of the
functional in (EP). Moreover, applying the optimality condition (3.16) to the solution
ũ, we obtain that −J ′(ũ) ∈ σ∂‖ div ũ‖L1 . Therefore, there exists ζ ∈ σ∂‖ · ‖L1(div ũ),
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such that
〈−J ′(ũ),v〉H−1,H1

0
= (ζ, div v)L2 , ∀v ∈ H1

0(Ω). (3.19)

By combining (3.19) with the KKT condition (3.10b), we get that

〈−J ′(ũ),v〉H−1,H1
0

= (ζ, div v)L2 = (−λ, div v)L2 , ∀v ∈ H1
0(Ω). (3.20)

Moreover, since− div : H1
0(Ω)→ L2

0(Ω) is the dual operator of grad : L2
0(Ω)→ H−1(Ω),

from (3.20) we obtain

(ζ + λ, div v)L2 = 〈−grad(ζ + λ),v〉H−1,H1
0

= 0, ∀v ∈ H1
0(Ω).

Since v is arbitrary, we have that −grad(ζ + λ) = 0 in H−1(Ω). By the definition of
the operator grad (see [31, Th. 6.14-1, p. 396]), we deduce that (ζ + λ) is constant
almost everywhere in Ω. However, since (ζ + λ) ∈ L2

0(Ω), we have that (ζ + λ) = 0.
Hence, from Remark 3.2 we conclude that ζ = −λ ∈ L∞(Ω).

Next, we prove the reciprocal by contradiction. Therefore let us assume that for
all σ0 > 0, there exists σ > σ0 such that ‖ div ūσ‖L1 > 0. Next, since ũ is the solution
of problem (CP), we have that div ũ = 0. Moreover, we know that ūσ minimizes Jσ,
which yields that

0 ≤ Jσ(ũ)− Jσ(ūσ)
= J(ũ) + σ‖ div ũ‖L1 − J(ūσ)− σ‖ div ūσ‖L1

= J(ũ)− J(ūσ)− σ‖ div ūσ‖L1 .

(3.21)

Using the fact that J is convex and differentiable, (3.21) implies that

σ‖ div ūσ‖L1 ≤ J(ũ)− J(ūσ) ≤ −〈J ′(ũ), ūσ − ũ〉H−1,H1
0
.

Then, from the optimality condition (3.10b) for ũ, we obtain that

σ‖ div ūσ‖L1 ≤ −〈J ′(ũ), ūσ − ũ〉H−1,H1
0

= −(λ, div(ūσ − ũ))L2

≤ |(λ, div ūσ)L2|.
(3.22)

From the first part of the proof, we obtained that −λ ∈ L∞(Ω). Thus, by applying
Hölder’s inequality to (3.22), we have that

σ‖ div ūσ‖L1 ≤ |(λ, div ūσ)L2 | ≤ ‖λ‖L∞‖ div ūσ‖L1 ,

which yields
σ0 < σ ≤ ‖λ‖L∞ . (3.23)
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This contradicts our initial assumption by taking any σ0 > ‖λ‖L∞ . Thus, there exists
σ0 > 0 such that, for all σ > σ0, ‖ div ū‖L1 = 0.

The last condition imply that if σ is larger than σ0 then ūσ is feasible for the
constrained problem (CP). Further, since ‖ div ūσ‖L1 = 0, it follows that

J(ūσ) = J(ūσ) + σ‖ div ūσ‖L1 = Jσ(ūσ) ≤ Jσ(ũ) = J(ũ). (3.24)

Therefore, by the definition of ũ we have J(ũ) = J(ūσ), where ūσ is a global minimum
for problem (CP).

In view of the previous result, the minimization of Jσ is called exact penalization
formulation of (CP).

Remark 3.3. For numerical computation purposes it is derivable a sharp estimation
for σ0, which can be used a priory in order to guarantee exact penalization. We discuss
this estimation for σ0 by using Theorem 3.1. From the embedding L2(Ω) ↪→ L1(Ω) we
have that ‖ div u‖L1 ≤ |Ω| 12‖ div u‖L2. Multiplying this inequality by ‖λ‖L2, we have
that

‖λ‖L2|Ω|− 1
2‖ div u‖L1 ≤ ‖λ‖L2‖ div u‖L2 . (3.25)

From the proof of Theorem 3.1 it is clear that, if ūσ is the solution of the unconstrained
problem (EP) associated to a σ ≤ σ0, then inequality (3.22) is satisfied in a nontrivial
manner, i.e., in particular

σ0‖ div ūσ‖L1 ≤ ‖λ‖L2‖ div ūσ‖L2 .

Therefore, from (3.25) applied to ūσ, we might consider either σ0 ≥ ‖λ‖L2|Ω|− 1
2 or

σ0 < ‖λ‖L2|Ω|− 1
2 . If the later holds, we have found a σ̄ = ‖λ‖L2 |Ω|− 1

2 > σ0. Then
thanks to Theorem 3.1 we have that div ūσ = 0 and equation (3.22) is satisfied trivially.
On the other hand, if σ0 ≥ ‖λ‖L2|Ω|− 1

2 , we arrive to a lower bound for σ0. Then, with
both results we can establish the estimation

σ0 ≈ ‖λ‖L2|Ω|− 1
2 . (3.26)

In practice, by solving the system 〈J ′(ūσ),u〉H−1,H1
0

= (λ, div(u))L2 , for all u ∈ H1
0(Ω)

we can obtain λ in order to estimate σ0.

3.5 Quadratic Penalization

In this section we discuss the quadratic penalty approach using the L2–norm. Our
aim is to show the differences and similarities with the exact penalization approach for
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the Bingham viscoplastic flow problem. The quadratic penalty function, involving the
L2–norm is given by

Jν(u) := J(u) + ν

2

∫
Ω
| div u|2 dx, (QP)

where ν > 0 and J(u) is given in (CP). Similarly to the exact penalty approach, as
discussed in Section 3.4, the function in problem (QP) is also proper, continuous, and
strictly convex, which satisfies

lim
‖u‖H1

0
→∞

Jν(u) = +∞.

Consequently, from Theorem 2.3, we conclude that the following minimization problem
has a unique solution in H1

0, for each ν > 0.

min
u∈H1

0(Ω)
Jν(u). (3.27)

Let us note by uν the solution to problem (3.27). Further, let us recall that this
function must be the solution of the following PDE, which corresponds to the Euler
equation associated to the optimization problem. Therefore, uν satisfies

2µ
∫

Ω
Euν : Ev dx+ gβ

∫
Ω

Euν : Ev
max(g, β|Euν |)

dx+ ν
∫

Ω
(div uν)(div v) dx

=
∫

Ω
fb · v dx, ∀v ∈ H1

0(Ω).
(3.28)

3.6 Recovering the fluid’s pressure

De Rham’s theorem [109] is a fundamental result in differential geometry that estab-
lishes a correspondence between differential forms and cohomology classes. In fluid
mechanics, this theorem is often applied in the context of incompressible flows to de-
compose a vector field. This decomposition is crucial for identifying the pressure field in
problems where the velocity field satisfies the incompressibility condition (div u = 0).
In what follows we present a coarse version of De Rham’s theorem established in [55].

Theorem 3.2. If f ∈ H−1(Ω) satisfies

〈f ,v〉H−1,H1
0

= 0 ∀v ∈ V,

then there exists pr ∈ L2(Ω) such that

f = grad pr.

Proof. See [55, Lemma 2.1].
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Let us recall that the solution of the Huber regularized Bingham problem (CP) is
also a solution to the following PDE

2µ
∫

Ω
Eu : Ev dx+ gβ

∫
Ω

Eu : Ev
max(g, β|Eu|) dx−

∫
Ω
pr div v dx

=
∫

Ω
fb · v dx, ∀v ∈ H1

0(Ω).
(3.29)

Thus, it is well established, by De Rham’s theorem, the existence of the function
pr ∈ L2(Ω) that solves (3.29). This function can be seen as a Lagrange multiplier
associated to the restriction div u = 0. For more details, we refer the reader to [37].

In what follows we will argue that in the case of the exact and quadratic penalty
methods presented in Sections 3.4 and 3.5, there exists a function playing the role
for the pressure of the fluid. This existence result is reached trough a convergence
argument in the divergence of the velocity’s vector field that we analyze for both
penalizations. Naturally, in the case of exact penalization, the associated analysis is
more challenging due to the nondiferentaility of the L1–norm and the presence of its
associated subgradients.

From the mechanical point of view, (3.29) represents the flow of an incompressible
Huber regularized Bingham flow, while (3.28) represents the flow of a slightly incom-
pressible Bingham flow. This means that div uν 6= 0, but nearly to zero. In fact, we
expect that div uν → 0, as ν → ∞ (see [109]). This last convergence property is rec-
ognizable different from the expected behavior of the exact penalization presented in
Section 3.4, where the incompressibility of the fluid is expected to hold for a (possibly
large) finite value of the penalization parameter σ.

In the following result, we first prove that the sequence generated by the quadratic
penalization converges to the solution of the PDE given in (3.29).

Theorem 3.3. Let {uν} ⊂ H1
0(Ω) be the sequence formed by the solutions of (3.28)

associated to the parameter ν > 0. Moreover, let u ∈ H1
0(Ω) be the solution of the

variational problem (3.29). Then,

uν → u, in H1
0(Ω), as ν →∞. (3.30)

Proof. By subtracting the equation (3.29) from equation (3.28), we have that the vari-
ational problem holds

2µ
∫

Ω
E(uν − u) : Ev dx+ gβ

∫
Ω

(
Euν
θβ(uν)

− Eu
θβ(u)

)
: Ev dx

+ν
∫

Ω
(div uν)(div v) dx = −

∫
Ω
pr div v dx, ∀v ∈ H1

0(Ω),
(3.31)
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where θβ(u) was introduced in Lemma 3.1. Next, we take v = uν − u in the above
equation, where u fulfills the divergence–free condition div u = 0. Then, it follows that

2µ
∫

Ω
|E(uν − u)|2 dx+ gβ

∫
Ω

(
Euν
θβ(uν)

− Eu
θβ(u)

)
: E(uν − u) dx

+ν
∫

Ω
| div uν |2 dx = −

∫
Ω
pr div uν dx.

(3.32)

Let us focus on the second term on the left hand side of (3.32). Here, Lemma 3.1 and
the Cauchy-Schwarz inequality imply that

∫
Ω

(
Euν
θβ(uν)

− Eu
θβ(u)

)
: E(uν − u) dx

=
∫

Ω

[
Eu

(
1

θβ(uν)
− 1
θβ(u)

)
+ Euν − Eu

θβ(uν )

]
: E(uν − u) dx

=
∫

Ω

[
|E(uν − u)|2
θβ(uν)

+
(
θβ(u)− θβ(uν)
θβ(uν)θβ(u)

)
Eu : E(uν − u)

]
dx

=
∫

Ω

1
θβ(uν)

[
|E(uν − u)|2 − θβ(uν)− θβ(u)

θβ(u) Eu : E(uν − u)
]
dx

≥
∫

Ω

1
θβ(uν)

[
|E(uν − u)|2 − β |Euν − Eu|

θβ(u) |Eu||E(uν − u)|
]
dx.

Thus, by taking into account (3.14), it holds that

∫
Ω

(
Euν
θβ(uν)

− Eu
θβ(u)

)
: E(uν − u)dx

≥
∫

Ω

1
θβ(uν)

[
|E(uν − u)|2 − β|E(uν − u)|2 |Eu|

θβ(u)

]
dx ≥ 0.

Next, inserting the last relation in (3.32), and using Korn’s inequality, we conclude the
existence of a constant C > 0 such that

C‖uν − u‖2
H1

0
+ ν

∫
Ω
| div uν |2 dx ≤ 2µ

∫
Ω
|E(uν − u)|2 dx

+gβ
∫

Ω

(
Euν
θβ(uν)

− Eu
θβ(u)

)
: E(uν − u) dx+ ν

∫
Ω
| div uν |2 dx

= −
∫

Ω
pr div uν dx ≤ ‖pr‖L2‖ div uν‖L2 .

(3.33)

Further, Young’s inequality implies that

‖pr‖L2‖ div uν‖L2 ≤ ν

2‖ div uν‖2
L2 + 1

2ν ‖pr‖
2
L2 ,
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for ν > 0. By using this inequality in (3.33), we obtain that

C‖uν − u‖2
H1

0
+ ν

∫
Ω
| div uν |2 dx ≤

ν

2

∫
Ω
| div uν |2 dx+ 1

2ν ‖pr‖L
2 ,

which yields that

C‖uν − u‖2
H1

0
+ ν

2

∫
Ω
| div uν |2 dx ≤

1
2ν ‖pr‖L

2 .

Consequently,
C‖uν − u‖2

H1
0
≤ 1

2ν ‖pr‖L
2 .

Taking the limit ν →∞, we get that uν → u ∈ H1
0(Ω).

3.6.1 Pressure in the Quadratic Penalization

In order to recover the fluid’s pressure, we require the following result.

Lemma 3.2. Let Ω be a bounded Lipschitz domain in Rn. Then there exists a constant
c = c(Ω) depending only on Ω, such that, for every w ∈ L2(Ω) the following result holds:

‖w‖L2(Ω) ≤ c(Ω)
{∣∣∣∣ ∫

Ω
w dx

∣∣∣∣+ n∑
i=1

∥∥∥∥ ∂w∂xi
∥∥∥∥
H−1(Ω)

}
(3.34)

Proof. See [109, Lem. 6.1, pp. 100].

Next, to analyze the pressure in the quadratic penalization, we consider the differ-
ence between the incompressible regularized Bingham flow, given in equation (3.29),
and the flow associated to the quadratic penalized problem given in (3.28). This dif-
ference was defined in (3.31). Accordingly, we rewrite it as follows:

2µ
∫

Ω
E(uν − u) : Ev dx+ gβ

∫
Ω

(
Euν
θβ(uν)

− Eu
θβ(u)

)
: Ev dx

+
∫

Ω
(ν div uν + pr)(div v) dx = 0, ∀v ∈ H1

0(Ω).

Given that the divergence operator is the dual operator of the gradient (see [31, Th.
6.14-1]), it holds that∫

Ω
(ν div uν + pr)(div v) dx = 〈∇(ν div uν + pr),v〉H−1,H1

0
∀v ∈ H1

0(Ω).
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Then, it follows that

2µ
∫

Ω
E(uν − u) : Ev dx+ gβ

∫
Ω

(
Euν
θβ(uν)

− Eu
θβ(u)

)
: Ev dx

−〈∇(ν div uν + pr) , v〉H−1,H1
0

= 0, ∀v ∈ H1
0(Ω).

(3.35)

Next, by the continuity of θβ and Theorem 3.3, we take the limit ν →∞ in (3.35) and
obtain that

∂

∂xi
(ν div uν)→ −

∂pr
∂xi

, in H−1(Ω) and for all i = 1, . . . , n. (3.36)

On the other hand, since pr ∈ L2
0(Ω), uν = 0 on ∂Ω, and thanks to the divergence

theorem, we have that∫
Ω

(pr + ν div uν) dx =
∫

Ω
pr dx+ ν

∫
Ω

div uν dx

=
∫
∂Ω

uν · ~n dx = 0.

Therefore, Lemma 3.2 yields that

‖pr + ν div uν‖L2 ≤ c(Ω)
n∑
i=1

∥∥∥∥∥ ∂

∂xi
(pr + ν div uν)

∥∥∥∥∥
H−1(Ω)

,

which, thanks to (3.36), implies that

−ν div uν → pr, as ν →∞.

3.6.2 Pressure in the Exact Penalization

Now, we turn our discussion to the pressure recovery in the context of exact penal-
ization. We start by recalling that the optimality condition (3.18) implies that the
solution uσ of the exact penalized problem (EP), is characterized by the existence of a
function ζ ∈ L2

0(Ω), such that |ζ| ≤ σ a.e. in Ω, satisfying:

〈−J ′(uσ),v〉H−1,H1
0

= (ζ, div v)L2 , ∀v ∈ H1
0(Ω).

By using the Fréchet derivative of J given in (3.11), we can observe that this equation
is equivalent to the following PDE:

2µ
∫

Ω
Euσ : Ev dx+ gβ

∫
Ω

Euσ : Ev
θβ(uσ) dx−

∫
Ω

fb · v dx

= −
∫

Ω
ζ div v dx, ∀v ∈ H1

0(Ω).
(3.37)
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Similarly as in the quadratic case, we subtract equation (3.29) from the PDE associated
to the exact penalization given in (3.37). Then we have that

2µ
∫

Ω
E(uσ − u) : Ev dx+ gβ

∫
Ω

(
Euσ
θβ(uσ) −

Eu
θβ(u)

)
: Ev dx

= −
∫

Ω
(ζ + pr) div v dx, ∀v ∈ H1

0(Ω).
(3.38)

Taking v = uσ − u in (3.38), we obtain that

2µ
∫

Ω
|E(uσ − u)|2 dx+ gβ

∫
Ω

(
Euσ
θβ(uσ) −

Eu
θβ(u)

)
: E(uσ − u) dx

= −
∫

Ω
(ζ + pr) div(uσ − u) dx.

We already proved that the second term in the left hand side is non negative. Therefore,
this last equation, together with Korn’s inequality and the incompressibility of u imply
the existence of a constant C > 0, such that

C‖uσ − u‖2
H1

0
≤ −

∫
Ω

(pr + ζ) div uσ dx. (3.39)

On the other hand, Theorem 3.1 states that there exists σ0 > 0 such that div uσ = 0,
for all σ ≥ σ0. Therefore, (3.39) yields that

uσ = u, in H1
0(Ω), for all σ ≥ σ0. (3.40)

Also, equation (3.39) and the Korn’s inequality imply that∫
Ω
|Euσ − Eu|2 dx = 0, for all σ > σ0,

which yields that |Euσ − Eu|2 = 0, a.e. in Ω (see[54, Prop. 2.10]). Consequently, we
can infer that

Euσ = Eu, a.e. in Ω and for all σ > σ0. (3.41)

Next, we establish pointwise bounds for θβ(uσ)− θβ(u) on the next four disjoint sets:
Euσ
β ∩Eu

β , Euσ
β ∩Iu

β , Eu
β ∩Iuσ

β and Iuσ
β ∩Iu

β . Note that these sets were defined in Lemma
3.1.

In Euσ
β ∩ Eu

β , we directly have that θβ(uσ)− θβ(u) = 0. In Euσ
β ∩ Iu

β , we have that
θβ(uσ) − θβ(u) = g − β|Eu| ≤ 0. On the other hand, thanks to (3.41), we have that
g − β|Eu| = g − β|Euσ| ≥ 0. Thus, we have that

θβ(uσ)− θβ(u) = 0, a.e. in Euσ
β ∩ Iu

β and for all σ > σ0.
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In Eu
β ∩ Iuσ

β , we have that θβ(uσ) − θβ(u) = β|Euσ| − g ≥ 0. Finally, in Iuσ
β ∩ Iu

β ,
we have that θβ(uσ)− θβ(u) = β|Euσ| − β|Eu|. This expression, together with (3.41),
implies that

θβ(uσ)− θβ(u) = 0, a.e. in Iuσ
β ∩ Iu

β and for all σ > σ0.

Summarizing, since the four given sets provide a disjoint partitioning of Ω, we can
conclude that θβ(uσ) − θβ(u) ≥ 0, a.e. in Ω and for all σ > σ0. Now, Lemma 3.1
implies that θβ(uσ)− θβ(u) < |Euσ −Eu| = 0, a.e. in Ω and for all σ > σ0. Therefore,
we can state that

θβ(uσ)− θβ(u) = 0, a.e. in Ω and for all σ > σ0. (3.42)

We now turn our attention to the recovery of pressure for the flow. First, note that
given that the divergence operator is the dual operator of the gradient (see [31, Th.
6.14-1]), this allows us to rewrite the equation (3.38) as follows

2µ
∫

Ω
E(uσ − u) : Ev dx+ gβ

∫
Ω

(
Euσ
θβ(uσ) −

Eu
θβ(u)

)
: Ev dx

= 〈∇(ζ + pr) , v〉H−1,H1
0
, ∀v ∈ H1

0(Ω).

From this equation, (3.39) and (3.42), we conclude, for all σ ≥ σ0, that

− ∂

∂xi
ζ = ∂

∂xi
pr, in H−1(Ω), for all i = 1, . . . , n. (3.43)

Finally, since pr, ζ ∈ L2
0(Ω), we have that∫

Ω
(ζ + pr) dx = 0,

which implies, together with Lemma 3.2 and (3.43), that

‖pr + ζ‖L2 ≤ c(Ω)
n∑
i=1

∥∥∥∥∥ ∂

∂xi
(ζ + pr)

∥∥∥∥∥
H−1

= 0, for σ ≥ σ0.

Consequently, ζ = −pr, for all σ ≥ σ0.
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3.7 Second Order Method for the Exact Penaliza-
tion Formulation

We are in place to describe a descent algorithm using second–order information for
solving the nonsmooth problem generated by the exact penalty formulation. This
algorithm follows ideas from the nonsmooth method designed for finite dimensions in
[39] and [36]. Naturally, the extension of this method to the numerical solution of
viscoplastic fluids entails several analytical and numerical challenges. One crucial step
of the algorithm consists of the utilization of approximated second–order information
for the computation of the descent direction. We will see that this procedure allows us
to compute descent directions directly in the space V . With this feature, the algorithm
solves the non-constrained problem (EP) ensuring that, at each iteration k, the descent
direction wk satisfies div wk ≈ 0, with a prescribed precision.

3.7.1 First-order Information

Recall that the regular term J(u) of problem (EP) involves a Huber regularization
function of the Frobenius norm Ψ(Eu). Moreover, let us introduce the active set:

Eβ :=
{
x ∈ Ω : |Eu(x)| < g

β

}
.

In turn, the inactive set corresponds to Ω\Eβ. These sets allows us writting the Fréchet
derivative (3.11) as follows:

〈J ′(u),v〉H−1,H1
0

= 2µ
∫

Ω
Eu : Ev dx+ g

∫
Ω\Eβ

Eu : Ev
|Eu|

dx

+β
∫
Eβ

Eu : Ev dx−
∫

Ω
fb · u dx.

(3.44)

However, in addition to the regular part J(u), the functional Jσ(u) includes the nondif-
ferentiable term σ‖ div(u)‖L1 . To determine a search direction, we analyze the steepest
descent direction. From the characterization of the steepest descent direction for con-
vex functions provided in the Preliminaries (see (2.12)), we have that the steepest
descent direction for the function Jσ, denoted by d̄, is given by

d̄ = −arg min
d∈∂Jσ(u)

‖d‖. (3.45)

Note that finding the solution d̄ ∈ H1
0 to problem (3.45) constitutes a constrained

optimization problem. To address this, in the next section, we develop an efficient
strategy for computing the search direction. This approach utilizes second-order infor-

47



mation to provide a descent direction without directly solving (3.45).

3.7.2 Second-order information: Generalized Differentiability
and Semismoothness for Superposition Operators

Let us observe that the function h(u) = σ
∫

Ω | div u| dx is nondifferentiable if | div u(x)| =
0 for all x ∈ Ω. Hence, in order to calculate first and second order information we will
use the Huber regularization analogous to the one presented in (3.6). Thus, in this sec-
tion we study the second order information available in a weak sense. This information
is associated to the functional Jσ(u) = J(u) + h(u), by using the notion of semis-
moothness for superposition operators. A second order information for a regularized
formulation of J(u), in finite dimension, was presented in [61].

Let us apply the Huber (local) regularization of the absolute value, introduced at
the beginning of Section 3.3.1. To avoid confusion, in this section, it will be denoted
as | · |γ : R → R, where γ > 0 is the approximation parameter. The regularization is
defined as:

|z|γ =

σ|z| −
σ2

2γ , if |z| ≥ σ
γ
,

γ
2 |z|

2, if |z| < σ
γ
.

In this case, we define the div-active set as follows:

Aγ :=
{
x ∈ Ω : | div u(x)| < σ

γ

}
, (3.46)

and the div-inactive set as Ω\Aγ. Let us define the regularized mapping hγ(u) =
σ
∫

Ω | div u|γ dx. Analogously as in the case of J , its first Fréchet-derivative h′γ(u) is
given by:

〈
h′γ(u),v

〉
H−1,H1

0
= σ

∫
Ω\Aγ

(div u, div v)
| div u|

dx+
∫
Aγ
γ(div u, div v) dx

= σ
∫

Ω

γ(div u, div v)
max(σ, γ| div u|) dx, ∀v ∈ H1

0(Ω).

However, neither J(u) nor hγ(u) are twice Fréchet differentiable due to the presence
of the non-differentiable max function. To obtain generalized second-order information,
we employ the concept of semismoothness for superposition operators and the gener-
alized differential framework developed in [115, Ch. 3], as reviewed in section 2.3.2.
Using these concepts of generalized differentiation, we compute second–order infor-
mation associated with the nondiferentiabilities in J ′(u) and h′γ(u). Thus, based on
Definition (2.6) from Section 2.3.2, we analyze the semismoothness of the following
Nemytskii operators in the subsequent lemmas.

48



Lemma 3.3. Let Φ : H1
0(Ω)→ L1(Ω) be a Nemytskii operator of the form (2.21) and

defined by
Φ(u)(x) = φ(F (u)(x) = σγ

div u(x)
max(σ, γ| div u(x)|) ,

where φ : R→ R is given by φ(a) = σγ a
max(σ,γ|a|) and F : H1

0(Ω)→ L1(Ω) is defined by
F (u) = div u. Then, Φ is semismooth and, G(u)w ∈ ∂◦Φ(u)w is given by:

G(u)w(x) =

0 if γ| div u(x)| ≥ σ

γ(div w(x)) if γ| div u(x)| < σ.
(3.47)

a.e on Ω.

Proof. Thanks to Theorem 2.15, Φ is semismooth on H1
0(Ω) in the sense of Definition

2.6. The rest of the proof hinges on demonstrating that conditions a) through d)
from Assumption 2.1 are fulfilled, i.e., we have to prove that: div : H1

0(Ω)→ L1(Ω) is
continuously Fréchet differentiable and locally Lipschitz continuous and that φ : R→ R
is Lipschitz continuous and semismooth. Since div is a continuous linear operator from
H1

0(Ω) into L2
0(Ω) then, it is Fréchet differentiable and its derivative is the operator div

itself (see [31, Th. 6.14-1]). Additionally, the continuous embedding L2
0(Ω) ⊂ L1(Ω)

implies that the operator div is also continuously Fréchet differentiable on L1(Ω). It is
clear that div is Lipschitz continuous, hence conditions a) - b) are verified.

The proof of the Lipschitz continuity and semismoothness of φ is presented as
follows. Let us start by rewriting φ(a) as φ(a) = γσ a

φm(a) , with φm(a) := max(σ, γ|a|).
Next, we notice that the max function is globally Lipschitz continuous with constant
Lmax. This fact implies that

|φm(a1)− φm(a2)| = |max(σ, γ|a1|)−max(σ, γ|a2|)|

≤ γLmax||a1| − |a2|| ≤ γLmax|a1 − a2|, ∀a1, a2 ∈ R.
(3.48)

We conclude that φm is Lipschitz continuous. Then, we have that

|φ(a1)− φ(a2)| =
∣∣∣γσ a1

φm(a1) − γσ
a2

φm(a2)

∣∣∣
= γσ

∣∣∣ a1
φm(a1) −

a2
φm(a2) + a1

φm(a2) −
a1

φm(a2)

∣∣∣
≤ γσ

∣∣∣a1
(
φm(a2)−φm(a1)
φm(a1)φm(a2)

)∣∣∣+ γσ
∣∣∣ 1
φm(a2)(a1 − a2)

∣∣∣ .
Now, it is clear that 0 < σ ≤ φm(a2), which implies that 1

φm(a2) ≤
1
σ
. By plugging this
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inequality in the last expression, we have that

|φ(a1)− φ(a2)| ≤ γσ
∣∣∣ a1
φm(a1)

(
φm(a2)−φm(a1)

σ

)∣∣∣+ γ|a1 − a2|

= γ
∣∣∣ a1
φm(a1)

∣∣∣ |φm(a2)− φm(a1)|+ γ|a1 − a2|.

Finally, sice
∣∣∣ a1
φm(a1)

∣∣∣ ≤ 1
γ
, we conclude, thanks to (3.48), that

|φ(a1)− φ(a2)| ≤ γ(Lmax + 1)|a1 − a2|∀a1, a2 ∈ R.

Regarding the semismoothness of φ, note that the absolute value | · | : R → R
and the function max(0, ·) : R → R are both semismooth (see [115, Sec. 2.5] and
Example 2.2 respectively). Then, since the composition of semismooth functions in Rn

is a semismooth function [115, Prop. 2.9], it follows that φ(a) is semismooth.

Then, conditions c) - d) are satisfied.

Next, we obtain a measurable selection (see Definition 2.6) M(u) of Clarke’s gen-
eralized Jacobian ∂Cφ(div u) as follows: let φm = φ1 ◦ φ2, where φ1(z) = max(0, z) + σ

and φ2(y) = γ|y| − σ. Then the following identity holds:

φm(y) = max(σ, γ|y|) = max(0, γ|y| − σ) + σ.

From Example 2.2 we have that Mφ1(γ|y| − σ) ∈ ∂Cφ1(γ|y| − σ), given by

Mφ1(γ|y| − σ) =

1, if γ|y| − σ > 0
0, if γ|y| − σ ≤ 0,

is a measurable selection of ∂φ1(γ|y| − σ). Next, since φ2 involves the function | · |
evaluated at y 6= 0, from [115, Exaple 2.5.1] we have that

Mφ2(y) ∈ ∂Cφ2(y) =
{
γy

|y|

}
for y 6= 0.

Moreover, the chain rule for Clarke’s generalized Jacobian [115, Prop. 2.3] yields that:

Mφm(y)v ∈ ∂Cφm(y)v ⊂ co{Mφ1Mφ2v : Mφ1 ∈ ∂Cφ1(φ2(y)),Mφ2 ∈ ∂Cφ2(y)}.

Thus, since y 6= 0,

Mφm(y) =


γy
|y| , if γ|y| − σ > 0,
0, if γ|y| − σ ≤ 0.

(3.49)

50



Clearly, φ(y) = σγ y
φm(y) . Then, from the composition of functions we obtain that

Mφ(y) ∈ ∂Cφ(y) ⊆ σγ
φm(y) · 1− y∂Cφm(y)

φm(y)2 .

Then, from (3.49) the following cases can occur:

• γ|y| > σ. Here we have that:

Mφ(y) = σ
1
|y|
− σ y2

|y|3
= 0.

• γ|y| ≤ σ yields that:
Mφ(y) = γ.

Finally, by taking y = div u(x) we have the desired result

M(u(x)) =


0, if γ| div u(x)| ≥ σ

γ, if γ| div u(x)| < σ,
(3.50)

a. e on Ω.

Then, Definition 2.6 and F ′(u)w = div w yields that G(u)w = M(u)(F ′(u)w) =
M(u) div w. Finally, from (3.50) we obtain that G(u)w ∈ ∂◦Φ(u)(w) is given by
(3.47).

In order to prove that J ′(u) is semismooth we introduce the Lemma below; the
arguments of the proof are analogous to Lemma 3.3.

Lemma 3.4. Let Θ : H1
0(Ω)→ L1(Ω) be a Nemytskii operator of the form (2.21) and

given by
Θu(x) = gβ

Eu(x)
max(g, β|Eu(x)|) ,

where Θ maps u ∈ H1
0(Ω) to a matrix of Lebesgue functions. Then, Θ is semismooth

and K(u)w ∈ ∂◦Θ(u)w is given by:

K(u)w(x) =


g
Ew(x)
|Eu(x)| − g

(Eu(x) : Ew(x))Eu(x)
|Eu(x)|3 , if β|Eu(x)| ≥ g,

β Ew(x), if β|Eu(x)| < g.
(3.51)

a.e on Ω.

Proof. Let Θ : H1
0 → L1(Ω) be the matrix operator given by Θu = (Θklu) for 1 ≤ k, l ≤

n. Further, since Eu = (Eklu) ∈ L2(Ω) ⊂ L1(Ω), let us reshape this matrix as the vector
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(Eju)mj=1 = (E1u, · · · , Emu) where m = n2. Then, we have that (Eju)mj=1 ∈
∏m
j=1 L

1(Ω).
In what follows we shall construct a Nemytskii operator, Θj : H1

0(Ω) → L1(Ω), of the
form presented in (2.21) associated to each element Ej as follows:

Θj = ϕj(H(u)) = gβ
Eju(x)

max(g, β|Eu(x)|) , for 1 ≤ j ≤ m.

Here, H : H1
0(Ω) → ∏m

j=1 L
1(Ω) maps u ∈ H1

0(Ω) to a vector of Lebesgue functions
and it is defined by H(u) = (Eju)mj=1. Additionally, ϕj : Rm → R is given by ϕj(y) =

yj
max(g,β|y|) .

Next, we will prove that each element Θj is semismooth by means of Theorem 2.15.
Further, this argument will also prove that the operator Θ is semismooth. Analogous to
the proof of Lemma 3.3, we need to verify that conditions a) - d) from Assumption 2.1
are satisfied in order to prove semismoothness of Θj(u) for 1 ≤ j ≤ m. The operator
H(u) = (Ej(u))mj=1 is continuously Fréchet differentiable in∏m

j=1 L
2(Ω). The embedding

L2(Ω) ⊂ L1(Ω) implies that H(u) is also differentiable in ∏m
j=1 L

1(Ω). Moreover,
linearity and boundedness of the E implies Lipschitz continuity of the mapping H.
The Lipschitz continuity and semismoothness of ϕj, for 1 ≤ j ≤ m are obtsined by
similar arguments presented for φ in Lemma 3.3. Then, conditions a) - d) are verified.
Thus, Θj for 1 ≤ j ≤ m is semismooth in the sense of Definition 2.6. Now, it remains
to prove that the operator Θ : H1

0 → L1(Ω) is also semismooth. Following [115, Prop.
3.6] let us define the set value mapping:

(∂◦Θ1 × · · · × ∂◦Θm) : V ⇒ L(H1
0,

m∏
j=1

L1),

where (∂◦Θ1 × · · · × ∂◦Θm)(u) is the set of all operators K ∈ L(H1
0,
∏m
j=1 L

1) of the
form

K : w 7→ (K1w, · · · , Kmw) = (Kjw)j=1 with Kj ∈ ∂◦Θj(u), 1 ≤ j ≤ m.

Moreover, let us consider the nonempty set value mapping ∂◦Θ : V ⇒ L(H1
0,
∏m
j=1 L

1)
such that ∂◦Θ(u) ⊂ (∂◦Θ1 × · · · × ∂◦Θm)(u) for all u ∈ H1

0. Hence, K ∈ ∂◦Θ(u + h)
implies that K ∈ (∂◦Θ1 × · · · × ∂◦Θm)(u + h), i.e., we obtain Kw = (Kjw)mj=1. Next,
the space ∏m

j=1 L
1 is equipped with the norm ‖y‖∏

j
L1 = ∑m

j=1 ‖yj‖L1 . Therefore, by
the semismoothness of each Θj for 1 ≤ j ≤ m we have that

sup
K∈∂◦Θ(u+h)

‖Θ(u + h)−Θ(u)−Kh‖L1 ≤
m∑
j=1

sup
Kj∈∂◦Θj(u+h)

‖Θj(u + h)−Θj(u)−Kjh‖L1

= o(‖h‖H1
0
) as ‖h‖H1

0
→ 0.

Thus, we conclude that Θ is semismooth in the sense of Definition 2.6.

The second part of the proof consists of finding the operatorK = (Kj)mj=1 ∈ ∂◦Θ(u).
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Following Definition 2.6 - equation (2.23) we have that Kj(u)w = Nj(u)>H ′(u)(w),
where Nj(u(x)) (a measurable selection of Clarke’s generalized Jacobian ∂Cϕj(Eu(x)))
is given by:

N>j (u(x)) =


g

e>j
|Eu(x)| − g

e>j Eu(x)Eu(x)>

|Eu(x)|3 , if β|Eu(x)| ≥ g,

βe>j , if β|Eu(x)| < g,

here ej stands for the canonical unit vector. In addition, since H ′(u)(w) = Ew, we
obtain that

Kj(u)w =


g
Ejw(x)
|Eu(x)| − g

Eju(x)(Eu(x)>Ew(x))
|Eu(x)|3 , if β|Eu(x)| ≥ g,

β Ej(w)(x), if β|Eu(x)| < g.

Finally, since K = (Kj)mj=1 and the inner product of the vectorized matrices coincides
with the Frobenius product of the matrices we obtain the desired result:

K(u)w =


g
Ew(x)
|Eu(x)| − g

(Eu(x) : Ew(x))Eu(x)
|Eu(x)|3 , if β|Eu(x)| ≥ g,

β Ew(x), if β|Eu(x)| < g,

a.e on Ω.

Corollary 3.1. The mapping Θ(u)(x) = gβ
E(u)(x)

max(g, β|Eu(x)|) is Lipschitz continuous
with Lipschitz constant L, i.e.,

‖Θ(u1)−Θ(u2)‖L2 ≤ L‖u1 − u2‖H1 . (3.52)

Proof. The Lipschitz continuity of Θj for 1 ≤ j ≤ m follows immediately from its
semismoothness and by applying [115, Prop. 3.36], i.e., we have that:

‖Θj(u1)−Θj(u2)‖L2 ≤ Lj ‖u1 − u2‖H1
0
.

Further, since by definition of Θ we have that ‖Θ(u)‖L2 =
 m∑
j=1
‖Θj(u)‖2

L2

1/2

then, it

follows that:
‖Θ(u1)−Θ(u2)‖L2 ≤ L‖u1 − u2‖H1

0
,

where L =
 m∑
j=1

L2
j

1/2

.
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Generalized Second-order Derivatives

We proceed to compute generalized second–order derivatives for h′γ(u) and J ′(u). In
fact, from the semismoothness of Φ and Θ we utilize G(u)w ∈ ∂◦Φ(u)w and K(u)w ∈
∂◦Θ(u)w to construct the generalized derivatives of h′γ(u) and J ′(u). We will denote
them by H(u) and J (u) respectively. For h′γ(u) we have that

〈
h′γ(u),v

〉
H−1,H1

0
=
∫

Ω
div v Φ(u) dx.

Thus, since G(u)w is an element of the generalized differential ∂◦Φ(u)w, the general-
ized second–order derivative for h′γ(u), is given by

〈H(u)v,w〉H−1,H1
0

=
∫

Ω
div v G(u)w dx

=
∫
Aγ
γ div v div w dx,

(3.53)

with Aγ defined in (3.46).

Regarding to J ′(u), given by (3.11), we note that it can be written as the sum of
two differentiable terms and one nonsmooth given by

g
∫

Ω
β

Eu : Ev
max(g, β|Eu|) dx =

∫
Ω
Ev : Θ(u) dx.

Next, since K(u)w ∈ ∂◦Θ(u)w, we get

〈J (u)v,w〉H−1,H1
0

= 2µ
∫

Ω
Ev : Ew dx+

∫
Ω
K(u)w : Ev dx

= 2µ
∫

Ω
Ev : Ew dx+ g

∫
Ω\Eβ

Ev : Ew
|Eu|

dx

−g
∫

Ω\Eβ

(Eu : Ew)(Eu : Ev)
|Eu|3

dx+ β
∫
Eβ

Ev : Ew dx.

(3.54)

Taking advantage of the semismoothness properties of J ′(u) + h′γ(u), we devise a
descent direction preconditioned by the second order information G = J+H. Hereafter,
without risk of confusion, we omit the dependence of u in G. In addition, since G is
a symmetric bilinear form, the descent direction, denoted in the same manner by
w ∈ H1

0(Ω), is obtained by solving the following system:

〈Gw,v〉H−1,H1
0

= −(d̄,v)H1
0
, ∀v ∈ H1

0(Ω),

54



or equivalently:
〈(J +H)w,v〉H−1,H1

0
= −(d̄,v)H1

0
∀v ∈ H1

0. (3.55)

Let us recall that d̄ is given by (3.45).

In what follows, whenever there is risk of confusion, the dependence on the domain
will be included in the subscript of a norm.

Lemma 3.5. System (3.55) has a unique solution w ∈ H1
0(Ω), which depends contin-

uously on the descent direction d̄ ∈ H1
0(Ω), i.e., there is a positive constant C such

that
‖w‖H1

0
≤ 1
C
‖d̄‖H1

0
. (3.56)

Proof. Since G ∈ L(H1
0(Ω),H−1(Ω)) the bilinear form a(·, ·) : H1

0(Ω) × H1
0(Ω) →

R, defined by a(w,v) = 〈Gw,v〉H−1,H1
0
, satisfies the hypothesis of the Babušca-Lax-

Milgram Theorem [6, Th. 2.1]. Indeed, we will prove that there exist positive constants
C and C̃ such that, for all v,w ∈ H1

0(Ω), the following relations are satisfied:

(i) a(w,w)H1
0
≥ C‖w‖2

H1
0

(ii) |a(w,v)H1
0
| ≤ C̃‖w‖H1

0
‖v‖H1

0

For the first part (i), let us recall that Eβ :=
{
x ∈ Ω : |Eu(x)| < g

β

}
. Coercivity of

a follows from taking w = v in (3.54), i.e.,

〈Jw,w〉H−1,H1
0

= 2µ
∫

Ω
|Ew|2 + g

∫
Ω\Eβ

|Ew|2

|Eu|
dx

−g
∫

Ω\Eβ

(Eu : Ew)2

|Eu|3
dx+

∫
Eβ

β |Ew|2 dx.

By applying Cauchy-Schwarz to the Frobenius product in the third term of the right
hand side, we have that

〈Jw,w〉H−1,H1
0
≥ 2µ‖Ew‖2

L2(Ω) + g
∫

Ω\Eβ

|Ew|2

|Eu|
dx

−g
∫

Ω\Eβ

|Eu|2|Ew|2

|Eu|3
dx+ β‖Ewk‖2

L2(Eβ)

= 2µ‖Ew‖2
L2(Ω) + β‖Ew‖2

L2(Eβ).

(3.57)

Further, Korn’s inequality (see [78] and [120, pp. 82]) applied to ‖Ew‖2
L2(Ω) implies

that
〈Jw,w〉H−1,H1

0
≥ C‖w‖2

H1
0
, ∀w ∈ H1

0. (3.58)
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Similarly, taking v = w in (3.53) yields that

〈Hw,w〉H−1,H1
0

=
∫
Aγ
γ(div w)2

= γ‖ div w‖2
L2(Aγ).

(3.59)

This equality, together with (3.58) imply the coercivity of the bilinear form a. In fact,
we have that

a(w,w)H1
0

= 〈(J +H)w,w〉H−1,H1
0
≥ C‖w‖2

H1
0
, ∀w ∈ H1

0. (3.60)

Continuity of a follows from (3.54). Analogous to the previous arguments, we use
Cauchy-Schwarz inequality resulting in

| 〈J v,w〉H−1,H1
0
| ≤ 2µ‖E(v)‖L2(Ω)‖E(w)‖L2(Ω) + g

∫
Ω\Eβ

|Ev||Ew|
|Eu|

dx

+g
∫

Ω\Eβ

|Eu|2|Ev||Ew|
|Eu|3

+ β
∫
Eβ

|Ev||Ew| dx

= 2µ‖E(v)‖L2(Ω)‖E(w)‖L2(Ω) + 2g
∫

Ω\Eβ

|Ev||Ew|
|Eu|

dx

+ β
∫
Eβ

|Ev||Ew| dx

(3.61)

Observe that in the set Ω \ Eβ we have that 1
|Eu(x)| ≤

β
g
. Thus, in view of inequality

(3.61), it follows that

| 〈J v,w〉H−1,H1
0
| ≤ 2µ‖E(v)‖L2(Ω)‖E(w)‖L2(Ω)

+2
∫

Ω\Eβ
β|Ev||Ew| dx+

∫
Eβ

β |Ev||Ew| dx.

≤ 2µ‖Ev‖L2(Ω)‖Ew‖L2(Ω) + 3
∫

Ω
β|Ev||Ew| dx.

(3.62)

Here, we apply Hölder inequality, which results in

| 〈J v,w〉H−1,H1
0
| ≤ 2µ‖Ev‖L2(Ω)‖Ew‖L2(Ω)

+ 3β
( ∫

Ω
|Ev|2

)1/2( ∫
Ω
|Ew|2

)1/2
dx

= (2µ+ 3β)‖Ev‖L2(Ω)‖Ew‖L2(Ω),

≤ C1‖v‖H1
0(Ω)‖w‖H1

0(Ω),

(3.63)

where C1 depends on µ, β and the positive constant of the continuity property of the
linear operator E . We follow a similar procedure for the term 〈Hv,w〉. By applying
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Cauchy-Schwarz inequality to the inner products we estimate:

| 〈Hv,w〉H−1,H1
0
| ≤ γ

∫
Aγ
| div v|| div w|.

Once again, we apply Hölder inequality and since |Ω| > |Aγ| we get:

| 〈Hv,w〉H−1,H1
0
| ≤ γ‖ div v‖L2(Ω)‖ div w‖L2(Ω)

≤ C2‖v‖H1
0(Ω)‖w‖H1

0(Ω)
(3.64)

Here, C2 depends on the continuity property of the divergence operator.

Finally, from the symmetry of a, equations (3.63), (3.64) and taking C̃ = max{C1, C2}
we have that

|a(w,v)H1
0
| = | 〈Gw,v〉H−1,H1

0
| ≤ C̃‖w‖H1

0
‖v‖H1

0
, ∀w,v ∈ H1

0. (3.65)

Then, by the Babǔska-Lax-Milgram Theorem there exist a unique solution w ∈ H1
0(Ω)

of the system (3.55). Moreover, w depends continuously on the descent direction.

From the previous Lemma, we can establish the following useful property of the
second order term G.

Corollary 3.2. G satisfy the following pair of bounds:

C‖w‖2
H1

0
≤ 〈Gw,w〉H−1,H1

0
≤ C̃‖w‖2

H1
0
. (3.66)

Proof. The result follows from (3.60) and taking v = w in (3.65).

3.8 Exact Penalization Algorithm

Having discussed the main properties of the generalized derivatives of the objective
functional, we introduce the following second–order algorithm for solving the exact
penalization formulation (EP) numerically.

Algorithm 1: Exact Penalization Algorithm - Preliminar version
Initialize u0 such that div u0 = 0 and set k = 0;
while stopping criterion is not satisfied do

compute d̄ by solving problem (3.45);
compute descent direction wk by solving system (3.55);
execute line–search to get αk;
update uk+1 := uk + αkwk, and set k = k + 1.

end
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From Algorithm 1 we can infer some useful properties of the approximated solution
of problem (EP).

Lemma 3.6. Let wk be the descent direction at the k-th iteration of Algorithm 1,
satisfying (3.55). Then, in the div-active set Akγ, wk satisfies the following bound

‖ div wk‖2
L2(Akγ) ≤

1
γ

‖d̄k‖2
H1

0

C
.

Proof. In this proof we shall use portions of the proof of Lemma 3.5. By setting w = wk

in equation (3.59), we obtain:

〈Hwk,wk〉H−1,H1
0

= γ‖ div wk‖2
L2(Akγ). (3.67)

By collecting (3.67) and (3.58), and using (3.55) with w = wk, we obtain that:

γ‖ div wk‖2
L2(Akγ) = 〈Hwk,wk〉H−1,H1

0

= −(d̄k,wk)H1
0
− 〈Jwk,wk〉H−1,H1

0

≤ ‖d̄k‖H1
0
‖wk‖H1

0
− C‖wk‖2

H1
0
.

In addition, from (3.56) we deduce that:

γ‖ div wk‖2
L2(Akγ) ≤

1
C
‖d̄k‖2

H1
0
− C‖wk‖2

H1
0

≤ 1
C
‖d̄k‖2

H1
0
.

Dividing by γ both sides, we get the desired result:

0 ≤ ‖ div wk‖2
L2(Akγ) ≤

1
γ

‖d̄k‖2
H1

0

C
.

3.8.1 Discussion on the set Ω \ Ak
γ

From Lemma (3.6), we established that the L2-norm of the descent direction remains
bounded over the active set Akγ by O(γ−1). Next we analyze the complement set, Ω\Akγ.

If k = 0, u0 is choosen such that div u0 = 0, then

A0
γ =

{
x ∈ Ω : | div u0(x)| < σ

γ

}
= Ω.
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Therefore, by applying Lemma 3.6, we obtain the bound:

‖ div w0‖2
L2(Ω) = ‖ div w0‖2

L2(A0
γ) ≤

1
γ
·
‖d̄0‖2

H1
0

C
. (3.68)

At k = 1 we have that
div u1 = div u0 + α0 div w0,

since div u0 = 0, we get that ‖ div u1‖L2(Ω) = α0‖ div w0‖L2(Ω). Therefore, from (3.68)
we obtain:

‖ div u1‖2
L2(Ω) ≤

α2
0
γ
·
‖d̄0‖2

H1
0

C
. (3.69)

To analyze the descent direction w1, we recall from Lemma 3.6 that

‖ div w1‖2
L2(A1

γ) ≤
1
γ
·
‖d̄1‖2

H1
0

C
, (3.70)

which shows that the L2-norm of the divergence is also bounded on the active set A1
γ.

To address its behavior on the complement, we analyze the measure of Ω \A1
γ. In this

set we have that
σ

γ
≤ | div u1(x)|.

Squaring and integrating both sides over Ω \ A1
γ yields:

σ2

γ2 |Ω \ A
1
γ| ≤

∫
Ω\A1

γ

| div u1(x)|2 dx = ‖ div u1‖2
L2(Ω\A1

γ). (3.71)

Moreover, from (3.69) we deduce that (3.71) satisfies:

σ2

γ2 |Ω \ A
1
γ| ≤ ‖ div u1‖2

L2(Ω\A1
γ) ≤ ‖ div u1‖2

L2(Ω) ≤
α2

0
γ
·
‖d̄0‖2

H1
0

C
, (3.72)

which yields that

|Ω \ A1
γ| ≤

γ

σ2 ·
α2

0‖d̄0‖2
H1

0

C
, (3.73)

this relation suggest choosig σ2 > max{σ2
0, γ} to control the size of |Ω \ A1

γ|. This
becomes an error of approximation when discretized by the finite elements and even-
tually, the set Ω \A1

γ becomes empty if the mesh-size is smaller than the bound. This
is observed in the numerical experiments along all iterates in Section 3.4

This discussion suggests using only the regular part of the objective functional to
solve the discrete problem since the set Ω\Akγ might become empty in the discrete
domain if γ and σ are sufficiently large.
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Henceforth, by the Riesz representation theorem, system (3.55) becomes:

〈Gwk,vk〉H−1,H1
0

= 〈−J ′(uk),vk〉H−1,H1
0
, ∀vk ∈ H1

0(Ω) (3.74)

= −(∇J(uk),vk)H1
0
, ∀vk ∈ H1

0(Ω) (3.75)

Thanks to the previous discussion we propose the following modification to the
previous version of the exact penalization Algorithm:

Algorithm 2: Exact Penalization Algorithm
Initialize u0 such that div u0 = 0 and set k = 0;
while stopping criterion is not satisfied do

compute the derivative of the regular part −J ′(uk) given by (3.11);
compute the descent direction wk by solving the system:
〈Gwk,vk〉H−1,H1

0
= 〈−J ′(uk),vk〉H−1,H1

0
, ∀vk ∈ H1

0(Ω);
execute line-search to get αk;
update uk+1 := uk + αkwk, and set k = k + 1.

end

3.8.2 Discussion on the convergence of Algorithm 2

We do not provide a convergence result for Algorithm 2. This analysis is beyond the
present work and will be addressed in future research. However, we discuss a possible
approach to establish a convergence result by interpreting it as an inexact Semismooth
Newton Method.

Recalling that the optimality condition associated with problem (EP) can be written
as

〈−J ′(ūσ),v〉H−1,H1
0

= (ζ, div v)L2 ∀v ∈ H1
0(Ω), (3.76)

where ζ ∈ σ∂‖ · ‖L1(div ūσ). By the definition of the subdifferential of the L1-norm,
this condition implies:ζ = σ sign(div ūσ) a.e. on {x ∈ Ω : div ūσ(x) 6= 0},

|ζ| ≤ σ a.e. on {x ∈ Ω : div ūσ(x) = 0}.
(3.77)

Combining (3.76) and (3.77), we can reformulate the optimality system as a nons-
mooth problem:

F (u, ζ) = 0, (3.78)
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where the operator F : H1
0(Ω)× L∞(Ω) is defined by

〈−J ′(ūσ),v〉H−1,H1
0
− (ζ, div v)L2 = 0 ∀v ∈ H1

0(Ω),

div ūσ −max
(
0, div ūσ + c(ζ − σ)

)
−min

(
0, div ūσ + c(ζ + σ)

)
= 0 a.e. in Ω,

(3.79)
for some fixed constant c > 0, see [106].

The semismoothness of F might be analyzed in infinite or in finite dimensions after
discretization. Solving (3.79) in functional spaces requires a more in-depth analysis of
the differentiability of max and min functions, considering the differentiability gap in
Lp(Ω) spaces, similarly to Section 3.7.2. In addition, the generalized Newton differ-
entiability of all involved functions and the solvability of the resulting system have to
be ensured. Then, a comparison with system (3.75) could be performed to match the
equations and identify the sources of inexactness. In this way, the Algorithm 2 can be
cast as an Inexact Newton method, for which convergence is known.

Thus, the convergence analysis of Algorithm 2 might be carried out in the framework
of the Inexact Semismooth Newton method.

3.8.3 Line–search routine

The algorithm stops when the norm of the difference of two consecutive approximated
solutions drops below a given tolerance, i.e., ‖uk−uk−1‖H1

0
serves as a descent indicator

and stopping criteria when it is approximately zero.

Additionally, the election of the step length α is key to guarantee the sufficient
decrease. In the Exact Penalization Algorithm 2- step 5 we use a line search technique
which exploits polynomial models of the objective function for backtracking. This
stepsize reduction approach was proposed in [43, Sec. 6.3.2]. If a stepsize does not
satisfy the sufficient decrease condition, the next candidate will be constrained in an
interval that depends on the previous stepsize. Hence, we have:

αk ∈ [clαprev, cuαprev], for k = 0, · · ·

where cl and cu are positive constants and αprev stands for the previous step length
value. In general, it is mandatory to construct stepsizes that are bounded away from
zero [77, Sec. 3.2].

To finish this section, we state the following result with some convergence related
quantities. This is a direct consequence of the argumentation in Section 3.8.1 and
Corollary 3.2.

Corollary 3.3. Let wk satisfy (3.75). Then the following inequalities hold:
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(i) C‖wk‖2
H1

0
≤ −〈J ′(uk),wk〉H−1,H1

0
≤ C̃‖wk‖2

H1
0
,

(ii) 〈J ′(uk),wk〉H−1,H1
0
< 0,

(iii) C‖wk‖H1
0
≤ ‖J ′(uk)‖H−1 .

Proof. This follows simply by taking vk = wk in (3.75) and from Corollary 3.2.

3.9 Numerical Experiments

The final section of this chapter is devoted to the numerical experimentation of Al-
gorithm 2. In the first subsection, we conduct a set of experiments linked to the
algorithm’s performance, including an exhaustive testing of the parameters governing
the associated regularizations and, in particular, to the exact penalization parameter
σ. The second set of experiments, in Section 3.9.2, aims to compare our algorithm with
the Semismooth Newton method, which is well known by its superlinear convergence
properties. A third set of experiments in three dimensions are also presented to further
illustrate the applicability and scalability of the exact penalization method which will
be referred as EP algorithm.

Implementation details

We consider an open subset Ω of Rn, with n = 2, 3, which is a polygonal/polyhedral do-
main and Th a regular discretization (by triangles or tetrahedrons) on Ω. The Galerkin
Finite Element Method was used to approximate the desired velocity ūσ ∈ H1

0 - of
the Bingham problem - by continuous piecewise quadratic vector-valued Lagrange trial
functions over each conforming finite element. Therefore, we consider the finite-element
space Vh = {uh ∈ C(Ω̄)2| uh|Γ = 0 and uh|T ∈ P 2,∀T ∈ Th}. Our experiments were
implemented in the open-source software FEniCS (https://fenicsproject.org/).

3.9.1 Algorithm’s performance

In order to measure the performance of the EP algorithm, we consider the benchmark
of a rotational Bingham flow in a square reservoir. In this case, problem (EP) is
solved with a driven force fb(x1, x2) = 300(x2 − 0.5, 0.5 − x1) over the open subset
Ω = (0, 1)2 ⊂ R2 with g = 10

√
2. In the following experiments the mesh size is

h = 1/50. Figure 1 shows the computed rotational flow expected from applying the
force f , whereas in Figure 3.2b we can visualize the yielded (dark blue) and unyielded
regions (red tones). This configuration presents a central solid region.

Recall that Algorithm 2 has three important parameters, namely:
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(a) Velocity field u

(b) Plug zones given by |E(u)|L2

Figure 3.2: Bingham flow in the square reservoir.
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• σ: exact penalization parameter, satisfying σ ≥ σ0, see Theorem 3.1

• γ: enriching second–order information parameter

• β : Huber regularization parameter

Experiment 1: test varying σ, γ and β

Table 3.1 sumarizes the influence of σ, γ and β on the numerical realization of the
method. Here, the algorithm is terminated as soon as the stopping criteria is satisfied.
That is, the quantity ‖uk − uk−1‖H1

0
reaches a value below the tolerance 1e − 5. The

computation time is also reported. Parameter σ : Figures 3.3a - 3.4a and Table
3.1 show the numerical behavior of choosing different values of σ for divergence term
‖ div u‖L1 . In Figure 3.3a, the divergence is depicted for the first 60 iterations of the
EP - Algorithm. We can observe that the history of the divergence values remain
between 1.0e− 7 and 1.0e− 8 for values of σ ≥ 900 (colored - solid lines), recognisably
lower than those for smaller values of σ < 900 in dashed lines. This illustrates the
equivalence of the exact penalization problem (EP) with the constrained formulation
(CP). In previous sections we have discussed that this equivalence is given for all
σ ≥ σ0, with σ0 ≈ ‖λ‖L2 |Ω| 12 . Despite the computation of ‖λ‖L2 can not be a–priorily
done, i.e. without an approximate solution at hand, we can confirm numerically that
our estimation of σ0 in Remark 3.3 is sharp. Indeed, we have estimated the upper
bound: 896.5 ≥ ‖λ‖L2 |Ω|−1/2 ≈ σ0. In Table 3.1, for variation of σ ≥ σ0, we observe
that once σ is suitably chosen, its variation does not have a hard influence in the
numerical performance of the EP-algorithm. Figure 3.4a shows this behavior for the
cost funcional.

Parameter γ: from our theory, we know that in order to get a good approximation
for the second–order information, γ must be sufficiently large, see Corolary ??. As
shown in Table 3.1, this parameter is crucial for our algorithm; in fact, if we neglect
the additional second–order information (γ = 0) the algorithm fails to converge and
we only display the results for the iteration k = 100. In contrast, by setting increasing
values of γ = 1e + 8 and 1e + 9 we see that ‖ div uk‖L1 gets smaller. Notice that
γ = 1e + 9 achieves, on average, a divergence norm of order 6e− 8 and the algorithm
seems to have a more stable values of the cost-functional J(uk).

Also, we observe in the fifth column that the stopping criteria, ‖uk − uk−1‖H1
0
,

(subsection 3.8.3) gets closer to zero for γ = 1e + 9 (see Figure 3.4b). Based on these
numerical results, we conclude that the additional second–order information, enriching
the descent direction system (3.55), is essential for the method.
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Numerical performance for the EP-Algorithm
γ β σ k ‖uk − uk−1‖H1

0
‖ div uk‖L1 J(uk) time (s)

900 100 0.048 7.55e-05 0.06 91.2
2000 100 0.048 7.55e-05 0.14 91.2

500 4000 100 0.048 7.55e-05 0.29 91.1
8000 100 0.048 7.55e-05 0.59 91.2
10000 100 0.048 7.55e-05 0.74 91.2

0 900 100 0.024 3.78e-05 0.03 91.4
2000 100 0.024 3.78e-05 0.07 91.2

1000 4000 100 0.024 3.78e-05 0.14 91.2
8000 100 0.024 3.78e-05 0.29 91.2
10000 100 0.024 3.78e-05 0.37 91.0
900 12 1.17e-06 7.58e-07 -8.41 7.8
2000 12 1.14e-06 5.65e-07 -8.41 8.3

500 4000 12 1.16e-06 5.64e-07 -8.40 8.2
8000 12 2.45e-06 5.22e-07 -8.39 8.6
10000 11 2.60e-06 5.11e-07 -8.39 7.9

1e+8 900 28 1.33e-06 7.75e-07 -8.33 17.5
2000 28 3.62e-07 5.90e-07 -8.32 18.3

1000 4000 37 8.05e-07 5.54e-07 -8.32 24.3
8000 38 8.77e-07 5.40e-07 -8.31 25.2
10000 27 2.22e-06 5.19e-07 -8.30 18.1
900 14 8.87e-07 1.05e-07 -8.42 9.0
2000 15 3.44e-07 7.03e-08 -8.42 9.9

500 4000 15 6.66e-07 6.60e-08 -8.42 11.2
8000 14 8.67e-07 6.33e-08 -8.42 9.7
10000 14 8.63e-07 6.33e-08 -8.42 9.9

1e+9 900 25 3.32e-07 9.73e-08 -8.33 22.6
2000 26 3.11e-07 6.21e-08 -8.33 24.3

1000 4000 25 3.28e-07 5.91e-08 -8.33 23.6
8000 25 3.31e-07 5.91e-08 -8.33 24.0
10000 25 3.29e-07 5.91e-08 -8.33 24.1

Table 3.1: Performance of the EP- Algorithm for different values of γ, β and σ
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(a) Divergence history, γ = 1e+ 9, β = 1e+ 3. Solid lines for σ ≥ 900

Figure 3.3: Experiment 1: Velocity’s divergence in L1-norm

3.9.2 Comparison with Newton Semismooth Method

We compare the exact penalization method with the Newton semismooth method
(SSN), which is also build on second-order information basis, and it is very well known
by its superlinear rate of convergence properties (see [115, Ch.3]). Both methods are
applied to the same triangulation of conforming piecewise quadratic finite elements.
Notice that SSN solves the same regularized problem in a context of a nonlinear sys-
tem (see [38]). Since the stopping criteria for each strategy differs, we compare a fix
number of iterations of each algorithm. In the following set of experiments we illustrate
that the exact penalization method can deliver several numerical benefits and draw-
backs comparing with SSN. For further comparison, we also consider the quadratic
penalization (QP).

Experiment 2: convergence to a Bingham’s analytical solution

The original problem was regularized using the Huber–smoothing, depending on the
parameter β. In the following experiment, the analytical solution of problem (3.5) of a
fluid flow between two parallel plates is known, which allow us to compute the error=
‖uexact − uk‖H1

0
at each k-th iteration for EP and SSN algorithms. Here, the velocity

field u = (u1(y),0,0) is a scalar field that depends only on y in the x-direction. The
corresponding minimization functional is simplified since the strain-rate tensor is given
by the gradient ∇, i.e., we have to minimize J(u) := µ

2

∫
Ω

(∇u,∇u) dx+g
∫

Ω
|∇u| dx−
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Figure 3.4: Experiment 1: EP performance with γ = 1e+ 9 and β = 1e+ 03
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∫
Ω

fb · u dx. The analytical solution is given by uexact = (u1(y), 0, 0) (see [2, Sec.
6.1.1.1]), where:

u1(y) =


1
8 [(1− 2g)2 − (1− 2g − 2y)2], if 0 ≤ y < 1

2 − g,
1
8(1− 2g)2, if 1

2 − g ≤ y ≤ 1
2 + g

1
8 [(1− 2g)2 − (2y − 2g − 1)2], if 1

2 + g < y ≤ 1,

and the pressure drop fb, is given by fb = −x. Here, we set g = 0.3.

Following Remark 3.3, we chose σ0 ≈ ‖λ‖L2|Ω|1/2 ≤ 17 to guarantee the equivalence
with the exact penalization formulation. For fixed γ = 1e + 09, we solve the problem
varying β as shown in Table 3.2. The Huber regularization of the Bingham term
g
∫

Ω |Eu(x)| dx does not demand large values of β. Numerical experimentation of SSN
method in [38] has shown that β = 1e+03 is large enough to get a local regularization of
the nondifferentiable term. Therefore, in Table 3.2 we see no significant improvements
in the error and cost functional for values of β ≥ 1e+ 03 in the SSN method.

However, for the EP, as β increases the error decays accordingly and is lower than
the SSN.

In Figure 3.5a, at first sight we observe that SSN is faster in the first iterations.
However, we realize that the exact penalization second-order method continues to de-
crease the error with a pronounced fall in the last iterations, achieving a considerably
lower error and cost (see Table 3.2 - seventh column) compared with SSN. Furthermore,
the exact penalization algorithm computes approximate solutions with a more precise
divergence.

Taking into account the relation ‖ div uk‖L1 ≤ |Ω|1/2‖ div uk‖L2 , we chose the L2–
norm of the divergence as a reference for all methods. We observe that the L2–norm
of the divergence is effectively smaller for EP method. Here, we see the advantage of
the L1–norm penalization of the divergence term against the SSN method, where the
equation involving the divergence of the velocity is formulated in the space L2 which
do not induce sparsity.

On the other hand, we confirm numerically (in Table 3.2 columns fifth - sixth) that
the L1–norm promotes sparsification of the divergence term. Moreover, in the SSN
method, the variation of parameter β does not lead to a decrease in the divergence norm
because the underlying system is decoupled and the equation involving divergence of
the velocity and the pressure p is stabilized by the small parameter ς > 0 (see [38,
Sec 6.1]), i.e., the incompressibility constraint is relaxed by ς = 1e − 05. Therefore,
parameter β has no influence over this equation.
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β
‖uexact − uk‖H1

0
‖ div uk‖L2 J(uk) time (s)

k EP SSN EP SSN EP SSN EP SSN
1 0.121 0.100 1.28e-13 2.46e-08 0.032 4.79e-03 1.19 1.46
10 0.015 0.002 9.59e-12 3.21e-08 -2.43e-03 -2.75e-03 14.88 15.62

100 20 1.34e-03 2.99e-03 9.92e-12 3.21e-08 -2.93e-03 -2.75e-03 26.80 31.34
30 1.34e-03 2.99e-03 9.92e-12 3.21e-08 -2.93e-03 -2.75e-03 39.60 46.35
40 1.34e-03 2.99e-03 9.92e-12 3.21e-08 -2.93e-03 -2.75e-03 52.91 64.63
1 0.121 0.100 2.05e-13 2.49e-08 0.033 0.005 1.16 1.33
10 0.013 2.82e-03 4.94e-11 6.35e-08 -2.40e-03 -2.42e-03 15.32 14.477

500 20 2.2e-03 2.82e-03 5.44e-11 6.35e-08 -2.70e-03 -2.42e-03 27.83 28.614
30 2.68e-04 2.82e-03 5.42e-11 6.35e-08 -2.70e-03 -2.42e-03 40.24 42.795
40 2.67e-04 2.82e-03 5.42e-11 6.35e-08 -2.70e-03 -2.42e-03 52.61 57.00
1 0.121 0.100 2.53e-13 2.49e-08 0.033 0.005 1.16 1.29
10 0.013 2.81e-03 3.44e-11 6.48e-08 -2.29e-03 -2.38e-03 14.94 14.45

1000 20 7.41e-03 2.81e-03 3.53e-11 6.48e-08 -2.65e-03 -2.38e-03 27.63 28.71
30 1.34e-04 2.81e-03 3.54e-11 6.48e-08 -2.69e-03 -2.38e-03 40.28 42.99
40 1.34e-04 2.81e-03 3.54e-11 6.48e-08 -2.69e-03 -2.38e-03 52.69 57.31
1 0.122 0.100 5.27e-13 2.49e-09 0.033 0.005 1.14 1.30
10 0.013 2.81e-03 4.32e-11 6.48e-08 -2.39e-02 -2.34e-03 15.19 14.89

5000 20 0.010 2.81e-03 4.57e-11 6.48e-08 -2.59e-03 -2.34e-03 28.29 29.43
30 7.79e-03 2.81e-03 4.67e-11 6.48e-08 -2.63e-03 -2.34e-03 42.35 43.77
40 3.16e-05 2.81e-03 5.36e-11 6.48e-08 -2.67e-03 -2.34e-03 56.34 58.110

Table 3.2: Experiment 2: first 40 iterations of EP vs SSN.
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Figure 3.5: Experiment 2 - flow between two plates
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Experiment 3: Comparison with Second-order Methods

In this experiment we compare three methods based on second other information: SSN,
EP and Quadratic penalization (QP) for the benchmark rotational flow test presented
in section 3.9.1. We compare the first 100 iterations of each algorithm in Table 3.3. The
EP-algorithm is competitive with SSN and the Quadratic penalization method since
no major oscillations in the algoritms’s performance are shown after the 25th iteration
for the three strategies. However, the advantage of the exact penalization is evident
when reaching the restriction ‖ div uk‖ close to zero. Observe in Figure 3.6b that, for
several σ values, the lowest magnitud for the velocity divergence is achieved by the
EP-algorithm. This is somehow expected by sparsification properties of the L1–norm.
For the same σ values the quadratic method hardly achieves an order of 1e− 04. And,
in the case of SSN, the velocity divergence norm is greater than in the EP-Algorithm.
This behavior is also depicted in Table 3.3 for the L2–norm of the velocity divergence
of the approximated solution.

The decay of the objective function is plotted in Figure 3.6a. Here, EP-algorithm
and QP-algorithm attain smaller values than the SSN method.

k
‖div uk‖L2 J(uk) time (s)

EP QP SSN EP QP SSN EP QP SSN
1 7.170e-09 0.00167 0.000413 -0.159 -0.170 2.406 0.59 0.652 0.7827
10 4.576e-08 0.00277 0.0140 -7.890 -8.417 7811.114 5.59 5.34 14.75
20 5.056e-08 0.00274 1.122e-04 -8.236 -8.443 -7.094 11.96 11.35 22.65
25 7.485e-08 0.00273 7.836e-05 -8.447 -7.807 -7.708 15.08 14.25 26.42
30 7.486e-08 0.00273 7.808e-05 -8.335 -8.447 -7.808 18.54 17.18 30.14
50 7.487e-08 0.00273 7.808e-05 -8.335 -8.447 -7.808 32.53 28.89 45.22
80 7.490e-08 0.00273 7.808e-05 -8.335 -8.447 -7.808 53.72 46.59 67.88
100 7.491e-08 0.00273 7.808e-05 -8.335 -8.447 -7.808 67.93 58.76 83.15

Table 3.3: Experiment 3: comparison between EP, QP and SSN algorithms with
parameters: γ = 1e+ 9, β = 1e+ 3 and σ = 3e+ 3

3.9.3 Numerical Experiments in 3D Geometries

In this section we examine the EP-algorithm in 3D geometries. We take advantage of
FEniCS versatility for testing the EP-algorithm using three-dimensional finite elements
described in the Implementation Details, and the FEniCS parallelization capabilities
for solving the associated variational problems within the algorithm. We run these
tests on a high performance computing system HP ProLiant BL460c Gen8.
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Figure 3.6: Experiment 3 - comparison between EP, QP and SSN algorithms
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Figure 3.7: Velocity field Figure 3.8: Plug flow

Experiment 4: Cube

In this experiment we consider a Bingham fluid in a cubic geometry. We assume a
laminar flow with constant drop pressure c along the z-axis. The drop in pressure
is considered in the periodic boundary conditions of the model (see [81, Sec. 6.2]).
Therefore, the associated minimization problem reads as:

J = µ
∫

Ω
Eu : Eu dx+

∫
Ω

Ψ(Eu) dx−
∫

Ω
fbu dx−

∫
Γ
cn|z=0u|z=0 ds+ σ‖ div u‖L1

here Γ = [0, 1] × [0, 1] × {0}, fb = 0, c = 10, g = 0.5
√

2, β = 1e + 3, γ = 1e + 7 and
σ = 1e + 4. The unit cube is discretized with tetrahedrons with step size h = 1/20.
Figure 3.7 shows the velocity field. In the center of the cube the fluid acts like a
rigid material as well as the corners of the cube. In Figure 3.8 the Frobenius norm
|Eu| and the discretization are depicted in the geometry cut by a parallel plane to the
y axis. Here, the plug zones are colored in light blue. The algorithm performed 4
iterations with the following values Jσ = −1.098, ‖uk − uk−1‖H1

0
= 5.614e − 07, and

‖ div u‖L1 = 1.57e− 06. Taking advantage that FEniCS run in parallel using MPI and
without modifying the algorithm, in Table 3.4 we report on the comparison between
parallel runtime in several CPUs for EP and SSN algorithms. Despite the efficiency of
the current implementation deteriorates, the time reduction is significant when more
CPUs are added. Also, its execution time escalates better that the execution time in
SSN. However, the percentage of time reduction is similar for both methods as more
CPUs are incorporated to the computation process. Because of memory limitations,
there was not possible to run the experiment with the mesh size h = 1/20 in one
core. Therefore, we calculate the speedup and the efficiency with the execution time
reference in 2 cores.
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No. cores Time (s) % time reduction Speedup Efficiency
EP SSN EP SSN EP SSN EP SSN

2 1218.2 5359.87 100% 100% 1 1 1 1
6 709.8 2828.89 58.2% 52.7% 1.71 1.89 0.28 0.31
12 395.8 2123.41 32.4 % 39.6% 3.07 2.52 0.25 0.21
24 240.9 1619.87 19.7% 30.2% 5.05 3.30 0.21 0.13

Table 3.4: Experiment 4: EP vs. SSN algorithms scaling performance

Experiment 5: Lid-driven cavity

Now, we test a lid-driven viscoplactic flow inside a unite cube. The geometry is dis-
cretized with tetrahedrons with step size h = 1/30. The corresponding body force
is given by fb(x) = 0, since the motion is given by a moving lid, i.e., we have
uD(x) = (1, 0, 0)> if x3 = 1 and uD(x) = (0, 0, 0)>, otherwise. These boundary
conditions add a new constraint to our optimization problem, i.e. min

u∈H1(Ω)
J(u) subject

to u = uD on ∂Ω.

To cope with this new constraint, let us fix u0 ∈ U = {u ∈ H1(Ω)| div(u) =
0,u|∂Ω = uD}. The solution ū is given by ū = u0 + û, where û is the minimizer of

µ
∫

Ω
E(u + u0) : E(u + u0) dx+

∫
Ω

Ψ(E(u + u0)) dx−
∫

Ω
fb(u + u0) dx+ σ‖ div(u)‖L1 .

The parameters have the following setting: g = 2, β = 1e + 3, γ = 1e + 9, µ = 0.5
and σ = 1e + 4. Figure 3.9 show the velocity field of the fluid in the cube cut by
half in the y axis. The fluid rotates in the interior of the geometry however, thanks to
this rotation the material moves without continuous deformation in the center of the
cube. Figure 3.10 shows the plug zones in light blue. The numerical performance of the
algorithm is displayed in Table 3.5. The divergence norm, the number of iterations and
the stopping criteria behave similar to the 2D case. For instance ‖ div uk‖L1 achieves
an order of e− 08 and the stopping criteria ‖uk − uk−1‖H1

0
drops close to e− 07.
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Figure 3.9: Experiment 5: stream lines and velocity field of lid-driven flow

Figure 3.10: Experiment 5: plug zones
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Exact Penalization
k ‖ div uk‖L2 J(uk) ‖uk − uk−1‖H1

0

1 2.58e-09 5.39 0.476
3 6.07e-09 5.17 0.254
5 9.50e-09 5.10 0.087
8 1.94e-08 5.08 0.030
10 2.22e-08 5.08 6.47e-03
13 2.41e-08 5.08 1.04e-03
15 2.52e-08 5.08 3.76e-05
18 2.52e-08 5.08 3.60e-07
20 2.52e-08 5.08 3.60e-07

Table 3.5: Experimemt 5: 3D Lid-driven cavity with g = 2, β = 1e+ 3, γ = 1e+ 9

75



Chapter 4

Part II: Group-Sparse Optimization
Methods with Applications to
Bingham Fluids and Non-Convex
Optimization

In this chapter, we developed optimization methods tailored for the numerical solution
of group-sparse problems. These problems are characterized by the incorporation of
the ‖ ·‖1,2 norm, which is defined as the sum of Euclidean norms. As a regularizer, this
norm promotes sparsity across groups of variables rather than individual variables.

We build on the strategies developed in Chapter 3, incorporating second-order
information to accelerate the search direction. In addition, we propose an active-set
strategy to a priori determine the sparse groups of variables. The novelty of the active-
set phase lies in its dynamic and efficient identification of sparse groups through an
iterative analysis of the angle of two consecutive iterations. In some applications, the
active-set phase reduces the size of the Newton-type system by using the curvature
information exclusively on the non-sparse or inactive groups.

This chapter is divided into two main sections. In the first one, Section 4.2, we de-
velop a group-sparse algorithm specifically tailored for solving the Bingham flow prob-
lem in a pipe without any regularization procedure. This unregularized and simplified
problem is equivalently reformulated as a linearly constrained minimization problem
by means of a dual variable. The new constrained term, in terms of the dual variable,
is interpreted as a group sparsity regularizer in the regions where the material be-
haves like a rigid solid. We discretized the problem using the Galerkin Finite Element
Method and analyze its augmented Lagrangian formulation. The further subsections
are devoted to the construction of the algorithm. First, we derived the steepest de-
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scent direction, which is determined using the directional derivative. The directional
derivative is computed separately for the primal and dual variables. Furthermore, due
to the group structure of the dual variable, the steepest descent direction is calculated
in a group-wise manner. In Section 4.2.3 we incorporate second-order information and
derive a Newton-type system. Section 4.2.5 is devoted to the analysis of the active-set
strategy, which is determined based on the angle between two consecutive iterations.
If this angle is obtuse, the iterate is projected to zero. Otherwise, the iterate is up-
dated by the steepest descent direction. We conclude the first section with numerical
experiments to evaluate the performance of the algorithm.

In the second section, 4.3, building on the concepts introduced for the Bingham
group-sparse algorithm of the first part, we extend these strategies to address a more
general group-sparse optimization problem of the form:

min
u∈Rm

f(u) + σ‖u‖1,2,

where f represents a smooth, not necessarily convex function, σ > 0 is the penalization
parameter, and the norm ‖ · ‖1,2 enforces sparsity at a group level.

To solve this general group-sparse optimization problem we introduce the Group
Sparse Descent Method (GSDM). Similarly to Section 4.2, the algorithm computes
the steepest descent direction of the nonsmooth problem on a group-wise basis and
utilize it, together with generalized second-order information, to construct a new de-
scent direction, resulting in a Newton-type system. Inspired on the active-set phase of
the Bingham problem, for the second problem the active-set strategy is derived as an
iterative interpretation of the problem’s optimality condition, where the active-set for
the next iteration is determined based on the angle between two consecutive iterations.
The novel active-set prediction strategy is also designed to reduce the Newton-type sys-
tem. Additionally, we prove that the resulting method is equivalent to a Newton-type
method in a neighbourhood of a local minimum, guaranteeing fast local convergence
properties. Finally, we conduct comparative computational experiments on applica-
tions to PDE-constrained optimization and non-linear regression problems to test the
performance of the algorithm.

The main results of Section 4.2 were first discussed and proved in [40].

4.1 State-of-the-Art for (`1,2) Norm Regularizer in
Convex and Nonconvex Settings

Group sparsity aim to select a few groups of variables that serve as predictors in a
large classification problem such as the group LASSO problem. Extensions to nonlin-
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ear problems have also been addressed, primarily using accelerated proximal methods
[83, 96]. In [83], the authors extend the accelerated proximal gradient method for gen-
eral nonconvex and nonsmooth problems by introducing a monitor that satisfies the
sufficient descent property. In [96], the authors propose an extrapolated proximal gra-
dient method for nonconvex optimization problems, with cost functions composed of a
continuously differentiable function and a nonsmooth one. Alternatively trust-region
methods have also been proposed to tackle the minimization of nonsmooth nonconvex
problems [10, 30]. In [10], the authors propose an inexact proximal trust-region method
for solving problems that involve the sum of a smooth nonconvex function and a nons-
mooth convex function. Also, in [30], a general trust-region method was introduced for
the optimization of nonsmooth and nonconvex locally Lipschitz continuous functions.
These strategies could be applied to problems involving the group sparse `1,2 term.

Optimization problems governed by partial differential equations (PDE) involving
group-sparsity has also been addressed, in the field of optimal control of PDEs, specific
group-sparsity patterns are referred as directional sparsity (see [22, 64]). For example,
in [65] the authors analyzed and solved linear-quadratic optimal control problems (both
elliptic and parabolic) with a directional sparsity penalizing term by developing a
semismooth Newton method.

The numerical solution of nonlinear group-sparse optimization problems is chal-
lenging due to the nonsmoothness of the `1,2 norm and the non-convexity of the re-
duced cost function. A few second-order solution algorithms offer partial solutions to
these challenges. In [84], the authors combine a semismooth Newton method with an
augmented Lagrangian to solve different group LASSO problems. Furthermore, [76]
proposes an inexact proximal Newton method for solving general nonconvex problems
involving composite functions consisting of a twice continuously differentiable function
and a convex one.

The `1,2 regularizer has also been applied to dictionary learning. In [85] the re-
search focuses on the analysis of dictionary learning using the `1,2 norm to promote
sparsity. The authors transform the nonconvex optimization problem into a series of
one-dimensional minimization problems, allowing for efficient closed-form solutions.

Finally, for the Bingham flow problem in a pipe, in the literature we can find a range
of different unregularized methods which relies in the application of the Augmented
Lagrangian strategy, named as ALG1-ALG4, described in [48, 49, 52, 72] and the
references therein. These methods have been extensively used to compute the solution
of the Bingham flow in several contributions. For instance, in [91] the Augmented
Lagrangian Method (ALM) was applied to solve multiple viscoplastic fluids in a duct.
Furthermore, non-Newtonian fluids such as Herschel-Bulkley and Casson models were
solved with the ALM in [71].
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4.2 Group-sparse problem: Bingham flow in a pipe

This section is motivated by the analysis of the unregularized energy functional of the
Bingham flow problem discussed in Chapter 3. Unlike the approach in Chapter 3, we
avoid applying the C1-regularization and instead focus directly on the nonsmooth term
g
∫

Ω |Eu| dx. As a result, the C1-regularization of this term used previously will not be
employed here.

To further reduce the complexity arising from the presence of two nonsmooth terms
in the energy functional, g

∫
Ω |Eu| dx and the penalization of the divergence-free con-

dition given by ‖ div u‖L1 , as in Chapter 3, we will focus on the flow problem in a
cylindrical pipe, where the divergence-free condition is inherently satisfied [46, Ch.
IV]. Nonetheless, both non-smooth terms can be simultaneously considered. However,
this is out of the scope of this thesis.

In this configuration, the domain consists of a cylinder given by a three dimensional
structure whose generators are parallel to the x3 axis in the orthonormal system of axes
x1x2x3 (see Figure 4.1). Therefore, the fluid moves just under the effect of the decay
of pressure along the x3 direction in the pipe [60, Sec. 3.1]. Thus, the velocity field
is simplified to u(x1, x2, x3) = (0, 0, u(x1, x2)). Under these assumptions, we get that
div u = 0 is automatically satisfied.

Ω

u

x1

x2

x3

Figure 4.1: Cylindrical pipe domain.

Moreover, this simplification enables us to focus exclusively on the nonsmooth term∫
Ω |Eu| dx which is simplified to

∫
Ω |∇u| dx. Thus, the Bingham flow problem becomes

min
u∈H1

0 (Ω)
J(u) := µ

2

∫
Ω
|∇u|2 dx+ g√

2

∫
Ω
|∇u| dx−

∫
Ω
cu dx,

where Ω ⊂ R2 corresponds to the cross-section of a pipe and c ∈ L2(Ω) represents
a constant linear decay of pressure.
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The unregularized approach to tackle this formulation consists in reformulating the
problem as a linearly constrained minimization problem, where the constraint is defined
by a new variable q = ∇u. Thus, the nonsmooth term becomes

∫
Ω |q| dx and we get

an equivalent problem given by:

min J̃(u,q)
u∈H1

0 (Ω),
q∈[L2(Ω)]2,

q=∇u

:= µ

2

∫
Ω
|∇u|2 dx+ g√

2

∫
Ω
|q| dx−

∫
Ω
cu dx. (4.1)

This structure enables the study of the nonsmooth term
∫

Ω |q| dx as a sparsity-
promoting regularizer, which enforces zero values for all x in the domain Ω where
the material behaves as a rigid solid, i.e., where |q(x)| = 0. Consequently, the norm∫

Ω |q(x)| dx promotes structured sparsity over the vector q in the solid-like regime.
Moreover, the discretized form of the term

∫
Ω |q(x)| dx can be associated with the

group-sparse norm ‖ · ‖1,2. This connection will be revisited and explored in greater
detail in the next section.

4.2.1 Augmented Lagrangian Approach and Discretization

We associate the constraint q = ∇u to a Lagrange multiplier λ ∈ [L2(Ω)]2 (see
Definition 2.3 in Chapter 2) and we define the Lagrangian functional L(u,q,λ) :
H1

0 (Ω)× [L2(Ω)]2 × [L2(Ω)]2 → R as follows:

L(u,q,λ) = J̃(u,q) + 〈λ,∇u− q〉[L2(Ω)]2 . (4.2)

Moreover, the augmented Lagrangian functional denoted by Lρ(u,q,λ), for ρ > 0, is
given by

Lρ(u,q,λ) = J̃(u,q) + (λ,∇u− q)[L2(Ω)]2 + ρ

2‖∇u− q‖2
[L2(Ω)]2 . (4.3)

In the classical Augmented Lagrangian Method (ALM), as described in [57], solving the
minimization problem (4.1) is equivalent to finding the saddle point of the augmented
Lagrangian functional Lρ(u,q,λ). Thus, there exists a saddle point of L(u,q,λ) satis-
fying the constraint q = ∇u which is also a saddle point of the augmented Lagrangian
Lρ(u,q,λ) [49].

We discretize the Augmented Lagrangian problem by using the Galerkin Finite
Element Method. For the velocity field u, linear polynomials are employed, while q
and λ are approximated using piecewise constant functions (see [91]). The domain Ω
is assumed to be an open subset of R2. Let Ωh denote a regular triangulation of Ω with
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conforming elements such that Ω̄h = ∪T∈ΩhT . Taking this into account, we define

V1h := {vh ∈ C(Ω̄) : vh|T ∈ P 1, ∀T ∈ Ωh},

and
V2h := {wh = (w1h , w2h) ∈ [L2(Ω)]2 : w1h|T , w2h|T ∈ P 0, ∀T ∈ Ωh},

where P 1 and P 0 are the spaces of continuous piecewise linear functions and piecewise
constant functions, respectively defined on Ωh. Moreover, the spaces V 0

1h = H1
0 (Ω) ∩

V1h and V2h are the finite-dimensional spaces associated with Ωh.

Considering the previous analysis, the finite element approximation of (4.3) is for-
mulated as follows:

Lρ(uh,qh,λh) = J̃h(uh,qh) + (λh,∇huh − qh)h + ρ

2‖∇huh − qh‖2
h, (4.4)

where,
J̃h(uh,qh) := µ

2

∫
Ωh
|∇uh|2 dx+ g√

2

∫
Ωh
|qh| dx−

∫
Ωh
chuh dx (4.5)

represents the finite-element approximation of the functional J̃ . Moreover ∇h corre-
sponds to the finite-element approximation of the gradient operator. Also, (·, ·)h and
‖ · ‖2

h denote the finite-element approximations of the inner product and the norm in
[L2(Ω)]2, respectively.

The framework of the augmented Lagrangian method allows us to interpret the
constraint term

∫
Ωh |qh| dx as a sparsity-promoting regularizer, enforcing zero values

where the material behaves as a rigid solid, i.e., at the triangles T ∈ Ωh where |qh| =
|∇huh| =

∣∣∣∣(∂uh∂x1
, ∂uh
∂x2

)∣∣∣∣ = 0. As a result, the norm
∫

Ωh |q| dx is expressed as:

∫
Ωh
|qh| dx =

∫
Ωh

∣∣∣∣(∂uh∂x1
,
∂uh
∂x2

)∣∣∣∣ dx =
∫

Ωh
|(q1h , q2h)| dx =

∫
Ωh

√
q2

1h + q2
2h dx.

Specifically, the pairs (q1h , q2h) can be analyzed as "groups" and categorized based on
whether they exhibit sparsity. By denoting p the total number of the elements in the
triangulation Ωh, the term

∫
Ωh |qh| dx can be approximated by

p∑
i=1
|qhi |.

Where |qhi | is the value of
√
q2

1hi
+ q2

2hi
over each i-th triangle of Ωh. Thus,

∑p
i=1 |qhi|

corresponds to the discrete group-sparse norm ‖ · ‖1,2.

We review the well know ALG1 method from the Augmented Lagrangian frame-
work [49], applied to problem (4.4) :
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Algorithm 3: ALG1
Set k = 0, initialize λ0

h ;
while stopping criterion is not satisfied do

with λkh known, compute

(ukh,qkh) = arg min
(uh,qh)∈V 0

1h
×V2h

L((uh,qh)) = J̃h(uh,qh) + (λh,∇huh − qh)h

+ ρ

2‖∇huh − qh‖2
h (IOP)

compute a step size tk > 0 ;
update λk+1

h = λkh + tk(∇hu
k
h − qkh), ;

set k ← k + 1
end

We will refer to the inner optimization problem in ALG 1 as (IOP). The con-
vergence of ALG 1 is particularly slow in the rigid zones of the fluid [49, Sec. 6.3.1],
making the algorithm computationally expensive [111].

An alternative to ALG 1 is ALG 2, also known as the Alternating Direction Method
of Multipliers (ADMM). This method splits the solution of (IOP) by performing a
minimization in ukh followed by a minimization in qkh. This approach is related to the
Douglas–Rachford splitting algorithm and can be viewed as solving (IOP) inexactly.
This approach can be traced back to [52]. In the literature, ALG 2 is regarded as the
standard nonsmooth approach for simulating viscoplastic fluid flows [58].

However, based on the strategies developed in Chapter 3, including the use of
the steepest descent direction and its acceleration through generalized second-order
information, we aim to apply these tools to enhance the solution of problem (IOP),
addressing ukh and qkh jointly. We exploit the group structure of the constraint qh to
identify the rigid zones at each iterate. This phase will be referred as the active set
prediction phase.

4.2.2 Steepest descent direction

To solve (IOP) we propose implementing a descent algorithm. The function L((uh,qh))
in problem (IOP) is not differentiable due to the term g

∫
Ωh |qh| dx in J̃(uh,qh). Never-

theless, L((uh,qh)) is directionally differentiable because the Euclidean norm |qh| itself
is directionally differentiable. Let us denote h(qh) = |qh|. The directional derivative
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of h at qh in the direction dq, is given by:

h′(qh,dq) =


〈qh,dq〉
|qh|

, if |qh| 6= 0,

|dq|, otherwise.
(4.6)

Then, the directional derivative of L(uh,qh) at (uh,qh) in the direction (du,dq) is
denoted by L′((uh,qh), (du,dq)) and given by:

L
′((uh,qh), (du,dq)) = J̃ ′h((uh,qh), (du,dq))+(λh,∇hdu−dq)+ρ(∇uh−qh,∇hdu−dq),

(4.7)
where J̃ ′h((uh,qh), (du,dq)) denotes the directional derivative of J̃h at (uh,qh) in the
direction (du,dq). Moreover, J̃ ′h((uh,qh), (du,dq)) is given by:

J̃ ′h((uh,qh), (du,dq)) = µ
∫

Ωh
∇huh · ∇hdu dx−

∫
Ωh
chdu dx+

∫
Ωh
h′(qh,dq) dx

= µ
∫

Ωh
−∆huh · du dx−

∫
Ωh
chdu dx+ g√

2

∫
Ωh
h′(qh,dq) dx

= (−µ∆huh · du)h − (ch, du)h +
∫

Ωh
h′(qh,dq) dx.

(4.8)
The terms in (4.7) can be reorganized to rewrite the directional derivative of L(uh,qh),
given by L′((uh,qh), (du,dq)), as an additive separable function in the two directions.
Specifically, (4.7) can be expressed as the sum of two functions, each depending sepa-
rately on du and dq. Therefore, we introduce the functions Ph(uh,qh) : V 0

1h → R and
Qh(uh,qh) : V2h → R such that:

L
′((uh,qh), (du,dq)) = (Ph(uh,qh), du)+(Qh(uh,qh),dq)+ g√

2

∫
Ωh
h′(qh,dq) dx, (4.9)

where

(Ph(uh,qh), du) = (−∆huh · du)h − (ch, du)h − (divhλh, du)h − ρ(divh(∇uh − qh), du)h
(4.10)

and
(Qh(uh,qh),dq) = −(λh,dq)h − ρ(∇huh − qh,dq)h.

For simplicity, in the following discussion, we omit the subscript h when referring
to discrete inner products.

After computing the directional derivative of the function in problem (IOP), we
can determine the steepest descent direction. From Chapter 2, Proposition 2.2, the
steepest descent direction is defined as the direction that minimizes the directional
derivative over the unit ball. Accordingly, obtaining this direction requires solving the

83



following problem:

(d̂u, d̂q) = arg min
‖(d̂u,d̂q)‖≤1

L
′((uh,qh), (du,dq)). (4.11)

Where ‖(d̂u, d̂q)‖ corresponds to the Euclidean norm of the joint vector (d̂u, d̂q).

Given the inequalities:
‖d̂u‖ ≤ ‖(d̂u, d̂q)‖ ≤ 1,

‖d̂q‖ ≤ ‖(d̂u, d̂q)‖ ≤ 1,

and the fact that L′((uh,qh), (du,dq)), as defined in (4.9), is an additive separable
function in the direction, we can split problem (4.11) in two problems and the steepest
descent directions d̂u and d̂q can be determined independently by solving:

d̂u = arg min
‖du‖≤1

(Ph(uh,qh), du) and (4.12)

d̂q = arg min
‖dq‖≤1

(Qh(uh,qh),dq) + g√
2

∫
Ωh
h′(qh,dq) dx. (4.13)

The norms chosen in problems (4.12) and (4.13) influence the resulting solutions.
In our case, the groupwise structure of the term

∫
Ωh |q(x)| dx, interpreted as the group-

sparse norm ‖·‖1,2, motivates us to replace the norm ‖dq‖ with the dual norm ‖dq‖∞,2.
Thus the steepest descent direction in (4.13) is considered in the following sense:

d̂q = arg min
‖dq‖∞,2≤1

(Qh(uh,qh),dq) + g√
2

∫
Ωh
h′(qh,dq) dx. (4.14)

Recalling that
∫

Ωh h
′(qh,dq) can be approximated by ∑p

i=1 h
′(qhi ,dqi) and thanks to

the definition of the norm ‖dq‖∞,2 = maxi=1,··· ,p |dqi|, we can derive p independent
subproblems from (4.14):

d̂qi = arg min
|dqi|≤1

(Qhi(uh,qh),dqi) + g√
2
h′(qhi ,dqi), for all i = 1, · · · , p. (4.15)

where Qhi(uh,qh) corresponds to the i-th component of the vector Qh(uh,qh).

Theorem 4.1. The unique solution to problem (4.15) is given by

d̂qi =



−
Qhi(uh,qh) + g√

2
qhi
|qhi |∣∣∣∣Qhi(uh,qh) + g√

2
qhi
|qhi |

∣∣∣∣ , if |qhi| 6= 0,

0, if |qhi| = 0 and |Qhi(uh,qh)| ≤ g√
2 ,

− Qhi(uh,qh)
|Qhi(uh,qh)|

, if |qhi| = 0 and |Qhi(uh,qh)| > g√
2 ,

(4.16)
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for all i = 1, · · · , p.

Proof. Using the definition of h′(qhi ,dqi) provided in (4.6), we compute the steepest
descent direction d̂qi by analyzing whether |qhi | exhibits sparsity or not, i.e., whether
|qhi | = 0 or |qhi | 6= 0. Accordingly, from (4.15) we obtain:

if |qhi | 6= 0, by using the Cauchy-Schwarz inequality, we get that

(Qhi(uh,qh),dqi) + gh′(qhi ,dqi) = (Qhi(uh,qh) + g√
2

qhi
|qhi |

,dqi)

≥ −
∣∣∣∣Qhi(uh,qh) + g√

2
qhi
|qhi |

∣∣∣∣∣∣∣∣dqi

∣∣∣∣
≥ −

∣∣∣∣Qhi(uh,qh) + g√
2

qhi
|qhi |

∣∣∣∣,
(4.17)

where the last inequality in (4.17) is given because of the restriction
∣∣∣∣dqi

∣∣∣∣ ≤ 1. There-
fore, the solution to (4.15) is attained at:

d̂qi = −
Qhi(uh,qh) + g√

2
qhi
|qhi |∣∣∣∣Qhi(uh,qh) + g√

2
qhi
|qhi |

∣∣∣∣ .

On the other hand, if |qhi | = 0, it follows from problem (4.15) and relation (4.6) that

(Qhi(uh,qh),dqi) + g√
2
h′(qhi ,dqi) = (Qhi(uh,qh),dqi) + g√

2 |dqi|.

Let us suppose that (Qhi(uh,qh),dqi) + g√
2 |dqi| ≥ 0 then, the minimum is attained at

zero, i.e., d̂qi = 0. On the other hand, if (Qhi(uh,qh),dqi) + g√
2 |dqi| is negative, from∣∣∣∣dqi

∣∣∣∣ ≤ 1, we have

0 > (Qhi(uh,qh),dqi) + g√
2 |dqi| ≥ −|Qhi(uh,qh)||dqi|+

g√
2
|dqi|

≥ −(|Qhi(uh,qh)| −
g√
2

)|dqi|

≥ −(|Qhi(uh,qh)| −
g√
2

).

Thus, the lower bound is attained at d̂qi = − Qhi(uh,qh)
|Qhi(uh,qh)|

. Moreover, this case holds

whenever |Qhi(uh,qh)| >
g√
2
.

By collecting all the cases, we find that the solution to problem (4.15) corresponds
to the steepest descent direction d̂qi for all i = 1, . . . , p, given by:
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d̂qi =



−
Qhi(uh,qh) + g√

2
qhi
|dqi|∣∣∣∣Qhi(uh,qh) + g√

2
qhi
|dqi|

∣∣∣∣ , if |qhi | 6= 0

0, if |qhi | = 0 and |Qhi(uh,qh)| ≤ g√
2

− Qhi(uh,qh)
|Qhi(uh,qh)|

, if |qhi | = 0 and |Qhi(uh,qh)| > g√
2 .

It remains to compute the steepest descent direction d̂u from problem (4.12).

Theorem 4.2. The steepest descent direction d̂u from problem (4.12) is given by:

d̂u = − Ph(uh,qh)
|Ph(uh,qh)|

. (4.18)

Proof. Since L((uh,qh)) is differentiable with respect to uh, the directional derivative
in the direction du, given in (4.10), coincides with the partial derivative of L((uh,qh))
with respect to uh. Thus, we deduce that the steepest descent direction with respect
to uh is given by (4.18).

Consequently, from Theorems 4.1 and 4.2 we have computed the steepest descent
direction (d̂u, d̂q) with d̂u given in (4.18) and d̂q given componentwise in (4.16).

4.2.3 Second-order Information

Following the methodology derived for the regularized optimization problem in Chapter
3, our strategy incorporates curvature information provided by generalized second-
order derivatives. Thus, to solve de inner optimization problem (IOP) of ALG 1, we
propose to modify the steepest descent direction (d̂u, d̂q) by incorporating second order
information of the function

L((uh,qh)) = J̃h(uh,qh) + (λh,∇huh − qh) + ρ

2‖∇uh − qh‖2.

.

Note that J̃h(uh,qh), given in (4.5), involves the non differentiable term g
∫

Ωh |qh| dx ≈
g
∑p
i=1 |qhi| dx. In this section, unlike Chapter 3, we will not replace the Euclidean norm

| · | with its regularized formulation. Nevertheless, we will use the regularized version
of the norm to obtain a generalized second order derivative to enrich the curvature.

Since h(qhi) = |qhi |, in this Chapter the Huber regularization of the Euclidean
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norm is denoted by the function hγ, with approximation parameter γ > 0, such that:

hγ(qhi) =

|qhi| −
1

2γ , if |qhi | > 1
γ
,

γ
2 |qhi |

2, if |qhi | ≤ 1
γ
,

for all i = 1, · · · , p. Function hγ is differentiable and its gradient is given by:

∇hγ(qhi) = γqhi
max(1, γ|qhi|)

, ∀i = 1, · · · , p.

This gradient is not differentiable because of the max function. However, it is locally
Lipschitz continuous and directionally differentiable. Thus, by Remark 2.2, it is Bouli-
gand differentiable. Additionally, since the max function is semismooth (as shown
in Example 2.2), the function ∇hγ(ui) is also semismooth, due to the composition
property of semismooth functions established in Proposition 2.4.

Using the rules of the Bouligand subdifferentials, we can compute the second-order
generalized derivative of hγ, denoted by Γ(qhi) and given by

Γ(qhi) =


1
|qhi |

I −
qhiq>hi
|qhi |3

, if |qhi | ≥ 1
γ
,

γI, if |qhi | < 1
γ
,

(4.19)

for all i = 1, . . . , p.

The second-order information incorporates both the generalized derivative Γ(qh)
and the second Fréchet derivative of the remaining differentiable terms in L((uh,qh)).
The bilinear form in V 0

1h × V2h containing second-order information is denoted by
H(uh,qh)(·, ·) such that, for every vh = (vhu ,vhq) and zh = (zhu , zhq) ∈ V 0

1h × V2h ,
it is given by

H(uh,qh)(zh,vh) = (µ+ ρ)(∇hzhu · ∇hvhu)− ρ( zhq ,∇hvhu)− ρ(∇hzhu,vhq)

+ρ( zhq ,vhq) + g√
2

∫
Ωh

Γ(qh)(vhq , zhq)

= ((µ+ ρ)∆hzhu − ρ divh zhq , vhu)− ρ(∇hzhu − zhq ,vhq)
+ g√

2

∫
Ωh

Γ(qh)(vhq , zhq) dx.

(4.20)

Next, in order to obtain the Newton-type direction wh = (whu ,whq) we have to
solve the following variational problem:

H(uh,qh)(wh,vh) = ((d̂u, d̂q),vh), ∀ vh ∈ V 0
1h × V2h , (4.21)
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where
((d̂u, d̂q),vh) = ((d̂u, d̂q), (vhu ,vhq))

= (d̂u, vhu) + (d̂q,vhq)

= (Ph(uh,qh), vhu) + (d̂q,vhq).
(4.22)

Using the constructed Newton-type direction, we can address the inner minimiza-
tion problem (IOP) in ALG 1. Solving this optimization problem necessitates the
implementation of a suitable line search strategy.

4.2.4 Line-search Strategy

In the inner optimization loop (IOP) of Algorithm 1, the iterations will be indexed
by j. Thus, given a current iteration (uh,qh)j and the Newton-type search direction
wh = (whu ,whq)j ∈ V 0

1h × V2h , the goal of the line search is to determine a step size
sj > 0 that reduces the objective function along the line (uh,qh)j + sj(whu ,whq)j.
To achieve this, we employ a generalized Armijo condition specifically designed for
nonsmooth convex functions introduced in [122]. This condition extends the traditional
Wolfe conditions through a subgradient reformulation.

This subgradient-based reformulation for an arbitrary non-smooth convex function
J at iterate xj, in the direction wj, is expressed as:

J(xj + sjwj) ≤ J(xj) + c0s
j sup
g∈∂J(xj)

(wj, g), (4.23)

where c0 > 0 is a fixed constant.

Consequently, since the subdifferential of a convex function can also be characterized
by the directional derivative (see Definition 2.2 in Chapter 2) we can rewrite (4.23) as:

J(xj + sjwj) ≤ J(xj) + c0s
jJ ′(xj, wj). (4.24)

In particular, this generalization of the Armijo condition (4.24), applied to the
functional L((uh,qh)), is expressed as:

L(uh,qh)j+1 ≤ L((uh,qh))j + c0s
jL
′((uh,qh)j, (whu ,whq)j). (4.25)

With the stepsize sj and the Newton-type direction (wjhu ,whq
j), the iteration for

solving problem (IOP) is updated as follows:

(uh,qh)j+1 = (uh,qh)j + sj(whu ,whq)j. (4.26)
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Then, after finding the minimizer (uh,qh)k of problem (IOP), we can apply re-
cursively ALG 1 and obtain the solution of the augmented Lagrangian formulation
(4.4).

4.2.5 Active-set Prediction Phase

Convergence of ALG 1 is particularly slow in the solid-like regime [49, Sec. 6.3.1]. To
enhace the identification of the rigid zones, we propose an active-set prediction phase to
a priori identify the indices i = 1, · · · , p, where |qhi | is sparse. To achieve this purpose,
we recall some projection methods, such as the orthant-based methods proposed in [1]
and [21]. These methods perform orthogonal projections onto a predefined orthant face
to determine the variables that are active (sparse) in the solution. These methods set
to zero any coordinate that transitions from positive to negative, or vice versa, during
the iteration. In [39], a second-order algorithm was introduced to cope with non-convex
problems with point-wise sparsity induced by the `1-norm. It utilizes an orthogonal
projection step onto the orthant face of inactive components to prevent coordinates
from changing signs. We extend this strategy to the term ∑p

i=1 |qhi | to determine,
within the inner optimization problem (IOP), whether qjhi exhibits sparsity at the i-th
triangle during the j-th iteration.

We motivate the active set prediction phase by providing a geometrical interpreta-
tion. To elaborate, let us consider an i-th triagle at the j-th iteration where |qjhi | > 0.
Given the search direction whqi

j computed by solving system (4.21), we compare two
consecutive iterations of vector qhi . Then, we have that:

(qj+1
hi

,qjhi) = (qjhi + sjwhqi
j,qjhi)

= |qjhi |
2 + sj(whqi

j,qjhi).
(4.27)

If (qj+1
hi

,qjhi) ≥ 0 we have that the two consecutive iterations qjhi and qj+1
hi

form a right
or acute angle. Conversely, given that |qjhi |

2 > 0, if (qj+1
hi

,qjhi) < 0, then (whqi
j,qjhi) <

0. In this case, the vectors qjhi and whqi
j form an obtuse angle, implying that the

descent direction whqi
j differs significantly from qjhi and points in a different direction.

Intuitively, this change in the direction may happen when a group is close to becoming
sparse and the descent direction promotes zig-zagging effects.

To avoid this behaviour, we propose the following active-set prediction phase: we
set the updated solution qj+1

hi
to exactly zero whenever (qjhi +sjwhqi

j,qjhi) < 0. Hence,
we have that

qj+1
hi

=

0, if (qjhi + sjwhqi
j,qjhi) < 0

qjhi + sjwhqi
j, otherwise.
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4.2.6 Second Order Optimization Algorithm and Numerical
experiments

We present a summary of the strategies previously developed for solving the optimiza-
tion problem (IOP), structured in Algorithm 4.

Moreover, to solve the augmented Lagrangian formulation (4.4), we conduct nu-
merical experiments using ALG1 in combination with Algorithm 4 as the inner opti-
mization method for problem (IOP). Additionally, we compare the performance of
this approach with the ALG2 method, which is widely regarded as the standard nons-
mooth approach for simulating viscoplastic fluid flows. The results of this comparison
are presented in Table 4.1 and Figure 4.2.

Algorithm 4: Group-sparse algorithm for ALG1
Set j = 0 ;
while stopping criterion is not satisfied do

compute the steepest descent direction (d̂u, d̂q) given in (4.18) and (4.16) ;
compute the Newton-type descent direction wj

h = (whu ,whq)j ∈ V 0
1h × V2h

by solving the system:

H(uh,qh)(wh,vh) = ((d̂u, d̂q),vh), ∀ vh ∈ V 0
1h × V2h ,

execute a line-search such that sj satisfies the generalized condition (4.25);
update

qj+1
hi

=

0, if (qjhi + sjwhqi
j,qjhi) < 0

qjhi + sjwhqi
j, otherwise

update uj+1
h = ujh + sjwjhu and set j ← j + 1

end

In the following experiments we use the parameters ρ = 1 for the scalar penaliza-
tion of the augmented Lagrangian functional (4.4). In addition, the step size for the
multiplier’s update in ALG1 is fixed as tk = 1 for all k-th iteration.

We compare the two Augmented Lagrangian algorithms, ALG2 and the modified
version of ALG1 by solving the Bingham fluid problem in a pipe. The modified ALG1,
enhanced with second-order information and a predictive strategy for identifying rigid
zones in the fluid, accelerates the convergence process. This improvement is evident in
the reduction on the number of iterations required to achieve a comparable level of the
cost of the functional J̃(ukh). Moreover, Table 4.1 shows two values of the parameter
g. For g = 0.2 and the error in the constraint, ‖∇h(uh) − qh‖, the modified ALG1
achieves a slightly smaller constraint error (6.79 × 10−4) compared to ALG2 (9.33 ×
10−4) while requiring fewer iterations (16 versus 18) and producing identical plug flow
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velocities (0.1169). Similarly, for g = 0.4, the modified ALG1 demonstrates competitive
performance, with a constraint error of 9.44×10−4 compared to 9.90×10−4 for ALG2,
and fewer iterations (43 versus 47). These results indicate that the modified ALG1
maintains comparable accuracy to ALG2 while generally requiring fewer iterations.

Second-order information in ALG1 provides an accurate descent direction, while
the rigid-zone prediction strategy focus on key regions of the domain. As illustrated
in Figure 4.2, the functional J̃(ukh) decreases more rapidly with the modified ALG1
than with ALG2, highlighting the efficiency of combining second-order information
and predictive strategies in tackling nonsmooth optimization problems in viscoplastic
fluid dynamics.

Numerical performance of modified ALG1 vs ALG2
g√
2 Aug.Lag- Alg. ‖∇h(uk)− qh‖ It. Cost plug flow velocity

ALG1 (mod) 6.79e-04 16 -0.077 0.1169
0.2 ALG2 9.33e-04 18 -0.077 0.1169

ALG1 (mod) 9.44e-04 43 -0.00377 0.0192
0.4 ALG2 9.90e-04 47 -0.00188 0.0192

Table 4.1: Performance of the Augmented Lagrangian Algorithms for different values
of g√

2 .
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Figure 4.2: Comparison between the modified ALG1 and ALG2 for g√
2 = 0.4.

Although the results of this first part are interesting from the theoretical point of
view, in the next section, we will broaden the scope of the active-set strategy developed
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in Section 4.2.5 to address a more extensive class of optimization problems involving
the ‖ · ‖1,2 norm.

4.3 General Group-sparse Problem: Formulation
and Optimality Conditions

Let f : Rm → R be a C2-class function, not necessarily convex, with Lispchitz continu-
ous gradient. We define the sparsity-promoting regularizer term as ‖u‖1,2 = ∑p

i=1 ‖ui‖2.
Given a sparsity parameter σ > 0, we are interested in the following optimization prob-
lem:

min
u∈Rm

ψ(u) := f(u) + σ‖u‖1,2. (GS)

We assume that the vector u> = (u>1 , . . . ,u>i , . . . ,u>p ) is comprised of p subvectors
ui, where each subvector belongs to Rni , with ni ∈ N, for i = 1, . . . , p, and∑p

i=1 ni = m.
The subvector ui is referred to as the i-th group of u. In this section, the Euclidean
inner product is denoted by 〈·, ·〉 and ‖ · ‖2 denotes the Euclidean norm.

To illustrate problem (GS), the most common example of applications that fit this
formulation is the group LASSO problem:

min
u∈Rm

ψ(u) := 1
2‖Au− b‖2

2 + σ‖u‖1,2.

This optimization problem is intended to solve an undetermined linear system with the
`1,2 regularization. It was introduced in [123] to investigate the selection of grouped
variables in statistics. In this case, problem (GS) is given by f(u) := 1

2‖Au−b‖2
2, with

A ∈ Rl×m. The group LASSO optimization problem extends the traditional Lasso
problem by incorporating the ‖ · ‖1,2 norm, which promotes sparsity across predefined
groups of variables rather than individual coefficients. This approach is particularly
useful in scenarios where the variables naturally form groups, such as in multi-task
learning or hierarchical models. The objective is to minimize the least-squares loss
function and to identify relevant groups while excluding irrelevant ones.

In this work, we assume f not necessarily convex. Therefore, we explore applications
of problem (GS) in PDE-constrained optimization and nonlinear regression models.

4.3.1 Optimality condition

Function ψ, from problem (GS), is directionally differentiable thanks to the twice con-
tinuous differentiability of f and the directional differentiability of the norm ‖·‖1,2. Let
us recall that the directional derivative of ψ at u in a direction v is denoted by ψ′(u,v).
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Furthermore, the continuous differentiability of f ensures that the Fréchet derivative
coincides with the directional derivative, i.e., f ′(u)(v) = f ′(u,y). Additionally, due to
the convexity of ‖ · ‖1,2 and by applying Theorem 2.12, we conclude that the Clarke’s
generalized directional derivative coincides with the directional derivative:

ψ
′(u,v) = ψ◦(u,v). (4.28)

Let us review the necessary optimality conditions for problem (GS).

Utilizing the convexity of the ‖·‖1,2 norm, from Theorem 2.12 we get that ∂C‖·‖1,2 =
∂‖ · ‖1,2. In addition, since f is a C2-class function, by applying Theorems 2.11 and
2.13 we conclude that for a local minimum of ψ, u∗ ∈ Rm, then

−∇f(u∗) ∈ σ∂‖ · ‖1,2(u∗), (4.29)

which means that the necessary optimality condition reduces to the following varia-
tional inequality:

〈∇f ′(u∗),y− u∗〉+ σ‖y‖1,2 − σ‖u∗‖1,2 ≥ 0, for all y ∈ Rm. (4.30)

Moreover, thanks to the convexity of the ‖ · ‖1,2 norm, from Proposition 2.1 we deduce
that (4.30) is equivalent to

ψ′(u∗,y− u∗) ≥ 0, for all y ∈ Rm.

Additionally, the subdifferential of the sparsity norm is characterized by ∂‖·‖1,2(u) =
{g ∈ Rm : gi ∈ ∂‖ · ‖2(ui),∀i = 1, · · · , p}. Here, the i-th group gi ∈ Rni satisfies:

gi ∈ ∂‖ · ‖2(ui)⇔

‖gi‖2 ≤ 1, if ‖ui‖2 = 0,
gi = ui

‖ui‖2
, if ‖ui‖2 6= 0.

(4.31)

Henceforth, we will drop the subscript in the Euclidean norm.

Thanks to (4.31), we rewrite the necessary optimality condition (4.29) as follows:

‖∇if(u∗)‖ ≤ σ, if ‖u∗i ‖ = 0, (4.32a)

−∇if(u∗) = σ
u∗i
‖u∗i ‖

, if ‖u∗i ‖ 6= 0 (4.32b)

where ∇if(u∗) :=
(

∂f
∂ui1

(u∗), · · · , ∂f
∂uini

(u∗)
)>

corresponds to the components belong-
ing to the i-th group of the gradient ∇f(uk).

Next, from Definition 2.5, we have the following characterization.
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Definition 4.1. A point is said to be stationary if and only if the necessary optimality
condition (4.32) is verified.

4.3.2 Application Examples in Nonconvex optimization

We motivate problem (GS) by reviewing some important application examples that
arise in nonlinear least squares regression and PDE-constrained optimization.

Nonlinear least-squares with group sparsity

Nonlinear least-squares problems with group sparsity are crucial in various fields due
to their ability to model complex, real-world phenomena while enforcing structured
sparsity in solutions. By incorporating group sparsity, these models not only improve
interpretability by identifying relevant groups of variables but also enhance compu-
tational efficiency by reducing the dimensionality of the problem. Furthermore, the
nonlinearity allows for more accurate modeling of intricate relationships within the
data, leading to better predictive performance and more robust solutions in scenarios
where traditional linear methods fall short.

An example of a nonlinear least-squares problem is formulated by the following
model:

min
u∈Rm

ψ(u) := 1
2‖R(u)‖2

2 + σ‖u‖1,2. (NLS)

Here, f(u) = 1
2‖R(u)‖2 , with a differentiable function R : Rm → Rl. For j = 1, · · · , l,

each Rj(u) ∈ R corresponds, for instance, to a sigmoid function of the form Rj(u) =
bj −

1
1 + e−a>j u , where bj ∈ {0, 1} and aj ∈ Rm. This model arises in the context of

logistic regression where aj ∈ Rm represents a feature vector, bj is the corresponding
label, and u ∈ Rm is the parameter vector to be estimated. This formulation models the
prediction error of the logistic function, i.e., it aims to minimize the squared residual
norm where each component of the residual function Rj(u) measures the difference
between the observed label and the model prediction given by the logistic function.
This formulation is widely used in classification tasks as in [12].

Problem (NLS) has the characteristics we aim to address in problem (GS). Specif-
ically, it serves as an example of a composite optimization problem that includes both
a differentiable but non-convex term and a non-differentiable but convex term. Addi-
tionally, the group sparsity term ‖u‖1,2 promotes sparsity on the subvectors ui, i.e., if
sparsity occurs at the i-th group, then ui = 0 (see [9] and [123]).
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Nonconvex support vector machines

Support Vector Machines (SVMs) are supervised learning models used for classification.
The core idea is to find a hyperplane that best separates the two classes in a high-
dimensional space, maximizing the margin between them. Given training data and
labels, the SVM optimization problem seeks a vector such that the decision function
correctly classifies the samples while maintaining a maximal margin.

Consider the following support vector machine problem:

min
u∈Rm

ψ(u) := 1
l

l∑
j=1

(
1− tanh(bj〈aj,u〉)

)
+ σ‖u‖1,2. (SVM)

Here, bj ∈ {−1, 1} are labels and aj ∈ Rm are data points containing the information of
the feature vectors for j = 1, · · · , l. The term tanh is the hyperbolic tangent function,
widely used in machine learning to model the nonlinearity of the data. The objective
function in (SVM) is nonconvex due to the presence of the tanh function.

This type of model has been applied in binary classification tasks. We refer, for
instance, to [24] for diabetes prediction. In particular, the diabetes database will be
used to illustrate the performance of the proposed algorithm in that kind of problems.

Elliptic PDE constrained optimization

In PDE-constrained optimization, the variables belong to a function-space, for instance
the space of square integrable functions L2(Ω). Following the discretize-then-optimize
paradigm, we transition from a continuous to a discrete framework by approximating
the function spaces by some finite-dimensional ones. This approximation is achieved
through suitable techniques (e.g., the finite element method). After a discretization
procedure, the resulting approximating problem can be formulated in the form of (GS).

Let Ω ⊂ RN (N > 1) be an open bounded domain with Lipschitz boundary Γ, and
consider the following semilinear elliptic PDE:

−∆y + a(y) = u in Ω,
y = 0 on Γ,

(4.33)

where the control u is of distributed kind. Assuming that the state y is the unique
solution to the PDE, we may define the control-to-state mapping by S : L2(Ω) →
L2(Ω), where u 7→ S(u) = y.

Using the control-to-state mapping and considering a quadratic cost functional, a
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reduced PDE optimal control problem is given by

min
u∈L2(Ω)

ψ := 1
2‖S(u)− yd‖2

L2(Ω) + α

2 ‖u‖
2
L2(Ω) + σ‖u‖1,2, (OCP)

where yd ∈ L2(Ω) stands for a given desired state and α is a positive real constant.
The norm ‖u‖1,2 promotes controls with certain structured sparsity patterns. These
patterns, known as “directionally sparse controls” consider the problem’s structure,
activating only certain directions in the control space to achieve the optimal solution.
In other words, the optimal control strategy involves applying controls along specific
directions while keeping other directions sparse. This approach was introduced in [64],
where optimal control problems involving linear elliptic and parabolic equations were
studied. An extension of this research to the semilinear case was done in [23].

To illustrate the concept of directional sparsity, we utilize the following partitioning
of Ω as proposed in [64, Sec. 1]: For some 1 ≤ m̄ < N , Ω = Ω1 × Ω2 ⊂ Rm̄ × RN−m̄,
with

Ω1 = {x1 ∈ Rm̄ : ∃x2 ∈ RN−m̄ with (x1, x2) ∈ Ω},
Ω2(x1) = {x2 ∈ RN−m̄ : (x1, x2) ∈ Ω} for x1 ∈ Ω1.

In two dimensions (N = 2, m̄ = 1), we may consider, for instance, Ω1 = Ω2 = (0, 1),
i.e., Ω = (0, 1)× (0, 1). Thus, {x1} × Ω2(x1) represents the vertical cross section of Ω
at x1 ∈ Ω1. In this setting, the directional sparsity norm is given by

‖u‖1,2 :=
∫

Ω1

(∫
Ω2(x1)

u2(x1, x2) dx2

)1/2

dx1 =
∫ 1

0

(∫ 1

0
u2(x1, x2) dx2

)1/2
dx1.

The sparsity patterns promoted by this norm are given over the vertical cross sec-
tions of the domain, see Figure 4.3.

Time-dependent PDE constrained optimization

In this case, we consider a domain given by the space-time cylinder Q = Ω×(0, T ) with
Ω = (0, 1)× (0, 1). Here, N = 3 and m̄ = 2. The chosen control space is L2(Q) and the
control-to-state mapping S assigns to each control u the solution y ∈ W (0, T ) ∩ C(Q̄)
to the following parabolic semilinear PDE:

yt −∇ · (κ∇)y + a(y) = u in Q,
y = 0 on Γ× (0, T ),

y(·, 0) = 0 in Ω,

where κ and the semilinear term a(·) satisfy suitable conditions (see [113, Chapter 5]).
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Figure 4.3: Directional sparsity

With help of the control-to-state mapping and considering again a tracking type
cost functional, we arrive at the following optimal control problem:

min
u∈L2(Q)

ψ := 1
2‖S(u)− yd‖2

L2(Q) + α

2 ‖u‖
2
L2(Q) + σ‖u‖1,2, (OCP)

where yd ∈ L2(Q) is the desired state and the sparsity norm reads:

‖u‖1,2 :=
∫

Ω

(∫ T

0
u2(x, t) dt

)1/2

dx.

This is called directional sparsity since the sparsity structure is induced in the space
domain and fixed over time, meaning that controls are sparse in space and the sparsity
patterns does not change in time. Alternatively, sparsity can be considered in the time
variable.

Following the discretize-then-optimize approach, the transition from the continuous
to the discrete problem requires space-time discretization.

Note that, in the presence of semi-linear partial differential equations, the reduced
optimal control problem (OCP) is not convex [113].

The results presented in the following section were first introduced and proved in
[40].

4.3.3 The Group Sparse Descent Method

In this section, we present the constitutive components of the proposed Group Sparse
Descent Method (GSDM) introduced in [40]. Summarizing the main steps, we begin

97



by computing the steepest descent direction of the problem (GS). Next, the pro-
posed active-set prediction phase is introduced, and its main theoretical implications
are explained. Based on the active-set prediction strategy, a modified descent direc-
tion is then introduced, which is subsequently adjusted using generalized second-order
information of the cost function in (GS).

Steepest descent direction

Recalling the directional differentiability of ψ, in this section we will determine the
steepest descent direction of ψ at u.

From Theorem 2.14 and given the relation in (4.28) we have the following definition.

Definition 4.2. A vector z ∈ Rm is a descent direction for ψ at u if z satisfies the
condition:

ψ
′(u, z) < 0.

Remark 4.1. From Corollary 2.2 we have that if u is a nonstationary point, then
there exists a descent direction z for ψ at u. Therefore, either the necessary optimality
condition (4.32) holds or there exists a descent direction z ∈ Rm for ψ at u.

Moreover, as discussed in Section 2.2.2 (subproblem (2.17)), due to (4.28) the steep-
est descent direction of ψ at u is characterized as the unique minimizer of ψ′(u, ·) over
the ball B(0, 1) in Rm, i.e., the steepest descent direction ẑ can be computed by solving:

ẑ = arg min
‖z‖≤1

ψ′(u, z)

in the Euclidean norm ‖ · ‖. In our case, the groupwise structure of the ‖ · ‖1,2 norm
penalizer motivate us to replace ‖z‖ with the dual norm ‖z‖∞,2. Thus the steepest
descent direction is considered in the following sense:

ẑ = arg min
‖z‖∞,2≤1

ψ′(u, z). (4.34)

Let us denote the Euclidean norm of each i-th group by h(ui) := ‖ui‖. Then, we
have that ‖u‖1,2 = ∑p

i=1 h(ui). Moreover, the directional derivative of h at ui in the
direction zi, is given by:

h′(ui, zi) =


〈ui, zi〉
‖ui‖

, if ui 6= 0,

‖zi‖, otherwise.
(4.35)
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Consequently, (4.34) becomes

ẑ = arg min
‖z‖∞,2≤1

{
〈∇f(u), z〉+ σ

p∑
i=1

h′(ui, zi)
}
.

Thanks to the separable structure of the previous problem, we derive the following
subproblems:

z̄i = arg min
‖zi‖≤1

{〈∇if(u), zi〉+ σh′(ui, zi)} , ∀i = 1, . . . , p. (4.36)

We shall determine the steepest descent direction, z̄, group-wise, by solving (4.36)
for each group indexed by i ∈ {1, · · · , p}.

In addition, if z̄i is the solution of (4.36), for i = 1, . . . , p, each z̄i can be expressed
as

z̄i = − v̄i
‖v̄i‖

,

where v̄i ∈ ∇if(u) + σ∂‖ · ‖(ui) is the minimum norm subgradient (see Section 2.2.2 -
equation (2.18)).

Next, in order to describe the solution to (4.36), we introduce the following index-
sets that characterize z̄i = − v̄i

‖v̄i‖ on the active and inactive groups:

A0(u) := {i : ‖ui‖ = 0 and ‖∇if(u)‖ ≤ σ},

A∇(u) := {i : ‖ui‖ = 0 and ‖∇if(u)‖ > σ},

I(u) := {i : ‖ui‖ 6= 0}.

A group indexed in the set A0(u) satisfies the necessary optimality condition (4.32a).
Henceforth, we will refer to this index-set as the active index-set. Accordingly, I(u)
corresponds to the inactive index-set.

Theorem 4.3. The unique solution to (4.36) is given by z̄ with components z̄i that
satisfy

z̄i =



−∇if(u)− σ ui
‖ui‖∥∥∥∥∇if(u) + σ ui
‖ui‖

∥∥∥∥ , if i ∈ I(u),

0, if i ∈ A0(u),
−∇if(u)∥∥∥∥∇if(u)

∥∥∥∥ , if i ∈ A∇(u).

(4.37)

for all i = 1, · · · , p.
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Proof. Let us start with the inactive index set I(u). From (4.35) and since ‖ · ‖ is
differentiable at any ui 6= 0, it is clear that the solution to (4.36) is attained at

z̄i = −

〈
∇if(u) + σ ui

‖ui‖

〉
∥∥∥∥∇if(u) + σ ui

‖ui‖

∥∥∥∥ .

On the other hand, if ui = 0, using (4.35), problem (4.36) reads as

z̄i = arg min
‖zi‖≤1

{〈∇if(u),νi〉+ σ‖zi‖} .

Here, two possibilities arise:

• If i ∈ A0(u), then it follows that

〈∇if(u), zi〉+ σ‖zi‖ ≥ −‖∇if(u)‖‖zi‖+ σ‖zi‖ = (σ − ‖∇if(u)‖)‖zi‖ ≥ 0,

for any zi with ‖zi‖ ≤ 1. Consequently, the minimizer of (4.36) is given by
z̄i = 0, i.e., the descent direction vanishes.

• If i ∈ A∇(u), then

〈∇if(u), zi〉+ σ‖zi‖ ≥ −‖∇if(u)‖‖zi‖+ σ‖zi‖ = −‖∇if(u)‖+ σ,

for any zi with ‖zi‖ ≤ 1. Therefore, the minimizer of (4.36) is given by z̄i =
− ∇if(u)
‖∇if(u)‖ , since with that choice the lower bound is attained.

Altogether, we arrive at the steepest descent direction given in (4.37).

Remark 4.2. For all i = 1, · · · , p, the minimum norm subgradient v̄i related to the
cost function (4.36) is of the form v̄i = ∇if(u) + σξ̄i, with ξ̄i ∈ ∂‖ · ‖(ui), such that

v̄i =


∇if(u) + σ ui

‖ui‖ , if i ∈ I(u),
0, if i ∈ A0(u),
∇if(u)− σ ∇if(u)

‖∇if(u)‖ , if i ∈ A∇(u).

(4.38)

Consequently, the steepest descent direction coincides with the negative minimum
norm subgradient direction.

Algorithms for minimizing nondifferentiable functionals based on the computation
of the directional derivative to achieve the steepest descent can be traced back to [15]
and [88]. However, steepest descent methods exhibit poor performance for nonconvex
functionals [3], especially when combined with sparsity terms.
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Active-set prediction phase

Identifying the active set during the computation of solutions for sparse-optimization
problems has a significant impact on the performance of optimization algorithms (see,
e.g., [21, 39, 87, 105]). The purpose of active-set strategies is to iteratively identify and
update the set of groups that become active or inactive at each iteration. This pro-
cedure reduces the optimization complexity by limiting the number of variables under
consideration and enhances the efficiency of the optimization algorithm by accelerating
convergence in the inactive index set.

In the first part of this chapter, we introduced an active-set strategy for identifying
the active components of a convex problem, such as the Bingham flow in a pipe. This
approach was based on analyzing the angle between two consecutive iterations. In
this section, we extend this concept to problem (GS) by examining its optimality
condition. We argue that, as the solution is approached to a local optimum, the angle
between consecutive iterations remains positive. Therefore, the angle between the
current iterate and the descent direction for each group remains positive as well. This
result was first proved in [40]. Building on this result, the active-set phase aims to
iteratively identify the groups that become active or inactive during each iteration.

Consequently, the proposed prediction strategy is motivated by the following obser-
vation: from the necessary optimality condition (4.32), we obtain, for the i-th inactive
group (u∗i 6= 0), that

〈
− 1
σ
∇if(u∗),u∗i

〉
= ‖u∗i ‖ =

〈
u∗i
‖u∗i ‖

,u∗i

〉
,

or, equivalently, 〈
−∇if(u∗)− σ u∗i

‖u∗i ‖
,u∗i

〉
= 0. (4.39)

The main idea of the proposed active-set strategy consists in using (4.39), in an iterative
manner, to identify active groups.

Specifically, the left hand side argument of the inner product in (4.39) corresponds
to the steepest descent direction (see (4.38)), which vanishes for inactive indices. Con-
sequently, if at a given iterate uki 6= 0, the steepest descent direction is non-zero,
considering the update uk+1

i = uki − v̄ki , the following holds:

〈
uk+1
i ,uki

〉
=
〈
uki − v̄ki ,uki

〉
=
〈

uki −
(
∇if(uk) + σ

uki
‖uki ‖

)
,uki

〉
= ‖uki ‖2 +

〈
−∇if(uk)− σ uki

‖uki ‖
,uki

〉
.

(4.40)

If the iterates are close to the optimum and i ∈ I(u∗), the term
〈
−∇if(uk)− σ uki

‖uki ‖
,uki

〉
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approaches zero, and ultimately vanishes at the optimum (see (4.39)), while ‖uki ‖ re-
mains strictly positive. This implies that the inner product

〈
uk+1
i ,uki

〉
should remain

positive for inactive groups. As a consequence, the active-set prediction phase is based
on the violation of this positivity.

Thus, the active-set prediction phase is based on the following index-set:

J k = {i : 〈uki ,−v̄ki 〉 < 0}, (4.41)

which contains the indices of the groups that are expected to become active at the
next iteration. The rationale behind this definition is that these are the indices where
the condition

〈
uk+1
i ,uki

〉
> 0 may be violated, depending on the value of ‖uki ‖. This

strategy also coincides, in the specific case of sparse-optimization problems with the
`1-norm, with the orthantwise strategy developed in [1, 21, 39].

We define the predictive active index-set, consequently, as

Ãk := A0(uk) ∪ A∇(uk) ∪ J k. (4.42)

Moreover the predictive inactive index-set is given by

Ĩk := I(uk) \ J k. (4.43)

Hereafter, we will omit the argument dependence in the notation of the index-sets. For
example, we write Ak0 instead of A0(uk).

These sets enable us to introduce a modified direction, denoted by −d̃ki , which
induces sparsity in uk+1. This direction is defined as:

−d̃ki =

−uki , if i ∈ J k

−v̄ki , otherwise
=



−uki , if i ∈ J k,

−∇if(uk)− σ uki
‖uki ‖

, if i ∈ Ĩk = Ik \ J k,

−∇if(uk) + σ
∇if(uk)
‖∇if(uk)‖ , if i ∈ Ak∇,

0, if i ∈ Ak0.
(4.44)

Remark 4.3. In the update step uk+1
i = uki − d̃ki , the modified direction will set the

groups in J k to exactly zero as follows:

uk+1
i = uki − d̃ki =

0, if i ∈ J k

uki − v̄ki , otherwise.
(4.45)

If, at a given iteration, one or more indices are added to the predictive active set
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Ãk, the size of the inactive index-set Ik is reduced. Thus, we can compute second-
order information only for those groups within the predicted inactive set Ĩk, i.e., we
incorporate second-order information in terms of a reduced second-order matrix. The
larger the predictive Ãk active set becomes, the smaller the second-order system required
to compute the descent direction.

Ultimately, the updated solution (4.45) can be interpreted as a projection onto the
origin, whenever that (4.40) holds.

The following result establishes that the modified direction −d̃ki is indeed a descent
direction.

Proposition 4.1. Let uk be a non-stationary point. Then, the modified direction −d̃k,
defined by (4.44), satisfies

ψ
′(uk,−d̃k) = −

∑
i∈Ak∇∪Ĩ

k

‖v̄ki ‖2 < 0.

Proof. The directional derivative of ψ at uk, in the direction −d̃k, is given by

ψ
′(uk,−d̃k) = 〈∇f(uk),−d̃k〉+ σ

p∑
i=1

h′(uki ,−d̃ki ). (4.46)

We rewrite (4.46) by separating the set of group indices {i : 1 ≤ i ≤ p} into J k and
its complement J k{. Then, (4.35) and (4.44) imply that:

ψ
′(uk,−d̃k) =

∑
i∈J k{
uki =0

〈∇if(uk),−v̄ki 〉+ σ‖v̄ki ‖+
∑
i∈J k{
uki 6=0

〈∇if(uk),−v̄ki 〉+ σ
〈uki ,−v̄ki 〉
‖uki ‖

+
∑
i∈J k
uki 6=0

〈∇if(uk),−uki 〉+ σ
〈uki ,−uki 〉
‖uki ‖

.

(4.47)
Recall that i ∈ J k implies uki 6= 0. Hence, the sum over the set J k, when uki = 0, is
not included in (4.47) because this set is empty. Moreover, since Ak0 ∪ Ak∇ ⊂ J k{, we
may rewrite the first term on the right-hand side of (4.47) as follows:

∑
i∈J k{
uki =0

〈∇if(uk),−v̄ki 〉+ σ‖v̄ki ‖ =
∑

i∈Ak0∪A
k
∇

〈∇if(uk),−v̄ki 〉+ σ‖v̄ki ‖.
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Since v̄ki = 0, for all i ∈ Ak0, the directional derivative (4.47) becomes

ψ
′(uk,−d̃k) =

∑
i∈Ak∇

〈∇if(uk),−v̄ki 〉+ σ‖v̄ki ‖+
∑
i/∈J k
uki 6=0

〈
∇if(uk) + σ

uki
‖uki ‖

,−v̄ki
〉

+
∑
i∈J k
uki 6=0

〈
∇if(uk) + σ

uki
‖uki ‖

,−uki
〉
.

(4.48)

Let us focus on the first sum over Ak∇ in (4.48). From the definition of v̄ki , given in
(4.38), we get that:

∑
i∈Ak∇

〈∇if(uk),−v̄ki 〉+ σ‖v̄ki ‖ =
∑
i∈Ak∇

〈
∇if(uk),−

(
1− σ

‖∇if(uk)‖

)
∇if(uk)

〉
+
∑
i∈Ak∇

σ
∥∥∥(1− σ

‖∇if(uk)‖

)
∇if(uk)

∥∥∥. (4.49)

Since ‖∇if(uk)‖ > σ, for all i ∈ Ak∇, then
(
1− σ

‖∇if(uk)‖

)
> 0. Thus, we rewrite

(4.49) as follows:

∑
i∈Ak∇

〈∇if(uk),−v̄ki 〉+ σ‖v̄ki ‖ = −
∑
i∈Ak∇

(
1− σ

‖∇if(uk)‖

)
‖∇if(uk)‖2

+
∑
i∈Ak∇

σ

(
1− σ

‖∇if(uk)‖

)
‖∇if(uk)‖

= −
∑
i∈Ak∇

‖∇if(uk)‖2 − 2σ‖∇if(uk)‖+ σ2

= −
∑
i∈Ak∇

∥∥∥∇if(uk)− σ ∇if(uk)
‖∇if(uk)‖

∥∥∥2

= −
∑
i∈Ak∇

‖v̄ki ‖2.

(4.50)

By replacing (4.50) and the definition of v̄ki in the remaining terms of (4.48) we get
that:

ψ
′(uk,−d̃k) = −

∑
i∈Ak∇

‖v̄ki ‖2 −
∑
i/∈J k
uki 6=0

‖v̄ki ‖2 +
∑
i∈J k
uki 6=0

〈v̄ki ,−uki 〉,

where the last sum is also negative in view of (4.41). Therefore, from the definition
of the index-set Ĩk = Ik \ J k we conclude that

ψ
′(uk,−d̃k) = −

∑
i∈Ak∇

‖v̄ki ‖2 −
∑
i/∈J k
uki 6=0

‖v̄ki ‖2 = −
∑

i∈Ak∇∪Ĩ
k

‖v̄ki ‖2 < 0.
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Incorporating second-order information

In the previous section, we described the phase that identifies active groups (sparse
groups). The identification of the active index-set is the basis for constructing a reduced
second-order matrix. If one or more indices are added to the active set at a given
iteration, the size of the second-order matrix is reduced. In this section, we focus
on improving the efficiency of the optimization algorithm by accelerating the search
direction exclusively within the inactive index set.

Our strategy incorporates curvature information provided by generalized second-
order derivatives from both terms within ψ, namely f and ‖ · ‖1,2.

The second-order information for the smooth term f may be approximated lo-
cally by symmetric positive definite approximation of its Hessian (e.g. BFGS matrix),
whereas for the nonsmooth part, the “nonsmooth curvature" is obtained indirectly, by
using a regularization of the norm ‖ · ‖1,2. This approach was proposed in [39] to get
generalized second-order derivative for the `1 norm penalizer. Here, we extend this
mechanism to the ‖ · ‖1,2 norm.

Because the second-order system acts on the inactive groups only, the computa-
tional burden in each step of the algorithm is reduced proportionally to the number of
variables that belong to sparse groups. We discuss the associated Newton-like system
in detail in the next paragraphs.

Generalized second-order information for the ‖ · ‖1,2 norm

Second-order information for the ‖ · ‖1,2 norm can be approximated by smoothing. We
introduce the local Huber regularization of the Euclidean norm ‖ · ‖ in Rni , denoted
by the function hγ : Rni → R with parameter γ > 0, defined as:

hγ(ui) =

‖ui‖ −
1

2γ , if ‖ui‖ > 1
γ
,

γ
2‖ui‖

2, if ‖ui‖ ≤ 1
γ
,

for all i = 1, · · · , p. This regularization is differentiable and its gradient is given by:

∇hγ(ui) = γui
max(1, γ‖ui‖)

, ∀i = 1, · · · , p.

The latter is not differentiable because of the max function. However, it is locally Lips-
chitz continuous and directionally differentiable. Thus, by Remark 2.2, it is Bouligand
differentiable. In addition, since the max function is semismooth (see Example 2.2),
the function ∇hγ(ui) is semismooth by Proposition 2.4.

Using the rules of the Bouligand subdifferential [115], we compute a second-order
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generalized derivative of hγ. Let us denote by Γ(ui) the element of the subdifferential
given by

Γ(ui) =


1
‖ui‖

Ini −
uiu>i
‖ui‖3 , if ‖ui‖ ≥ 1

γ
,

γIni , if ‖ui‖ < 1
γ
,

(4.51)

for all i = 1, . . . , p. Here, Ini corresponds to the identity matrix in Rni×ni . Furthermore,
the second-order information of the regularized version of ‖·‖1,2 is given by a symmetric
positive semi-definite block-diagonal matrix Γ(u), with p blocks of the form Γ(ui) in
the diagonal as follows:

Γ(u) =


Γ(u1)

. . .
Γ(up)

 .

The positive semi-definiteness of Γ(u) is proved in the following proposition.

Proposition 4.2. The block-diagonal matrix Γ(u) ∈ Rm×m, comprised of p blocks of
the form (4.51), is symmetric positive semi-definite.

Proof. According to (4.51), the blocks Γ(ui) with index 1 ≤ i ≤ p, such that ‖ui‖ < 1
γ
,

are given by the identity matrices Ini ∈ Rni×ni . Therefore, we focus on the remaining
blocks, where ‖ui‖ ≥ 1

γ
. In this case, we have that, for any zi ∈ Rni :

〈zi,Γ(ui)zi〉 =
〈
zi,
(

1
‖ui‖

Ini −
uiu>i
‖ui‖3

)
zi
〉

= ‖zi‖
2

‖ui‖
−
〈

zi,
uiu>i
‖ui‖3 zi

〉
= ‖zi‖

2

‖ui‖
−〈zi,ui〉

2

‖ui‖3 .

(4.52)
Using the Cauchy-Schwarz inequality in the second term in (4.52) we get that

〈zi,Γ(ui)zi〉 ≥
‖zi‖2

‖ui‖
− ‖zi‖

2‖ui‖2

‖ui‖3 = 0.

By collecting these results we get that each i-th block Γ(ui), for 1 ≤ i ≤ p, is symmetric
positive semi-definite. Therefore, Γ(u) is symmetric positive semi-definite because a
block-diagonal matrix is positive semi-definite, if and only if, each diagonal block is
positive semi-definite.

By combining the Hessian approximation of the regular part and the generalized
second-order information for the ‖ · ‖1,2 norm, given by Γ(u), the second-order matrix
we are going to use is given by

H(uk) = (B(uk) + σΓ(uk)) ∈ Rm×m.
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Reduced second-order matrix

In Section 4.3.3, we have anticipated that second-order information will be used in
the inactive groups to expedite the descent process. By constructing a reduced matrix
from this submatrix and multiplying it by the descent directions, the iterations can
be accelerated, similar to what occurs in optimization problems with box constraints.
Second-order information is useless for the predicted active indices i ∈ Ãk = Ak0 ∪
Ak∇ ∪ J k. For instance, if the i-th group belongs to the active set Ak, it fulfills the
necessary optimality condition, implying that its descent direction is the zero vector
and eliminating the need for modification. Likewise, if the i-th group is categorized
under set Ak∇, it does no satisfy a necessary optimality condition. Therefore, the
descent procedure is performed along the steepest descent direction −v̄ki . In this case
second-order information does not provide curvature information.

Accordingly, let us define the reduced second-order matrix denoted by HR(uk) as
follows:

[HR(uk)]j,l =

Dj,l if j ∈ Ãk or l ∈ Ãk

[B(uk) + σH(uk)]j,l otherwise.
(4.53)

where Dj,l denotes a generalization of the Kronecker delta given by:

Dj,l =

 Inj if j = l

0nj ,nl if j 6= l,
(4.54)

and 0nj ,nl denotes a matrix with zero entries of size nj × nl.

Henceforth, we omit the dependence on the argument in the matrix operators. For
simplicity we write Hk

R instead of HR(uk).

Next, we modify the search direction −d̃k and propose a second-order descent
direction by integrating the curvature information exclusively in the inactive groups.
Accordingly, we solve the following Newton-like system at each k-th iteration:

Hk
Rwk = −d̃k. (4.55)

By reordering the elements of −d̃k in such a way that the groups indexed in the
inactive set Ĩk appear first, the reduced system (4.55) can be rewritten as follows:


(
Bk

[Ĩk,Ĩk] + σΓk[Ĩk,Ĩk]

)
0

0 I


wk

Ĩk

wk
Ãk

 = −

d̃kĨk

d̃kÃk

 , (S)

where d̃kĨk and d̃kÃk correspond to the portions of vector d̃k containing all the groups
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indexed in set Ĩk and Ãk, respectively. The same characterization follows for wk
Ĩk and

wk
Ãk .

Likewise,
(
Bk

[Ĩk,Ĩk] + σΓk[Ĩk,Ĩk]

)
is the square submatrix of Hk with elements associ-

ated with the inactive index-set Ĩk.

Assumption 4.1 (Hessian properties). Let us assume that, at a local minimizer u∗, the
reduced Hessian of the regular part ∇2f(u∗)[I∗,I∗] is a positive definite matrix. More-
over, we assume that for each iterate uk, the reduced Hessian approximating matrix
Hk
R satisfies

c‖x‖2 ≤ 〈x, Hk
Rx〉 ≤ C‖x‖2, (4.56)

for all x ∈ Rm \ {0}, and some positive constants c and C, independent of k.

The second order linear system (S) is therefore solvable, and we can obtain the
descent direction wk by solving it. The next theorem shows that this direction is a
descent direction for the function ψ.

Theorem 4.4. Let wk 6= 0 be the solution of system (S). Then, wk satisfies

ψ
′(uk,wk) ≤ −c‖wk

Ĩk‖
2 −

∑
i∈Ak∇

‖v̄ki ‖2 < 0. (4.57)

Therefore, wk is a descent direction.

Proof. The directional derivative of ψ at uk in the direction wk is given by

ψ
′(uk,wk) = 〈∇f(uk),wk〉+ σ

p∑
i=1

h′(uki ,wk).

Taking into account the predicted active and inactive index-sets Ãk and Ĩk, recalling
that Ãk = Ak0 ∪ Ak∇ ∪ J k, and considering whether uki is zero or nonzero, from the
directional derivative of the Euclidean norm given in (4.35), we get:

ψ
′(uk,wk) =

∑
i∈Ĩk

〈
∇if(uk) + σ

uki
‖uki ‖

,wk
i

〉
+

∑
i∈Ak0∪A

k
∇

〈∇if(uk),wk
i 〉+ σ‖wk

i ‖

+
∑
i∈J k

〈
∇if(uk) + σ

uki
‖uki ‖

,wk
i

〉
.

(4.58)

We analyze each sum on the right-hand side of (4.58) separately.

From system (S) and (4.44) we know that
(
Bk

[Ĩk,Ĩk] + σΓk[Ĩk,Ĩk]

)
wk
Ĩk =− v̄kĨk .
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Hence, from the definition of −v̄k in (4.38) we get that the sum over the predicted
index-set Ĩk in (4.58) is given by:

∑
i∈Ĩk

〈
∇if(uk) + σ

uki
‖uki ‖

,wk
i

〉
=
∑
i∈Ĩk
〈v̄ki ,wk

i 〉 = 〈v̄kĨk ,w
k
Ĩk〉

= −
〈
wk
Ĩk ,
(
Bk

[Ĩk,Ĩk] + σΓk[Ĩk,Ĩk]

)
wk
Ĩk

〉
.

Additionally, from Assumption 4.1 and the symmetric positive definiteness of the sub-
matrix Γk[Ĩk,Ĩk] (see Proposition 4.2) we have that

∑
i∈Ĩk

〈
∇if(uk) + σ

uki
‖uki ‖

,wk
i

〉
= −

〈
wk
Ĩk ,
(
Bk

[Ĩk,Ĩk] + σΓk[Ĩk,Ĩk]

)
wk
Ĩk

〉
= −

〈
wk
Ĩk , B

k
[Ĩk,Ĩk]w

k
Ĩk

〉
− σ

〈
wk
Ĩk ,Γ

k
[Ĩk,Ĩk]w

k
Ĩk

〉
< −c̃‖wk

Ĩk‖
2.

(4.59)

For the second sum in (4.58), thanks to (4.44) and the structure of the reduced
matrix (4.53), the components of the steepest descent direction remain unchanged,
i.e., −d̃ki = −v̄ki , for all i ∈ Ak0 ∪ Ak∇. Moreover, from system (S), we deduce that
wk
Ak0∪A

k
∇

= −d̃kAk0∪Ak∇ = −v̄kAk0∪Ak∇ . From this result and since v̄ki = 0 for all i ∈ Ak0, the
second sum in (4.58) becomes:

∑
i∈Ak0∪A

k
∇

〈∇if(uk),wk
i 〉+ σ‖wk

i ‖ =
∑

i∈Ak0∪A
k
∇

〈∇if(uk),−v̄ki 〉+ σ‖v̄ki ‖

=
∑
i∈Ak∇

〈∇if(uk),−v̄ki 〉+ σ‖v̄ki ‖

=
∑
i∈Ak∇

〈
∇if(uk),−∇if(uk) + σ

∇if(uk)
‖∇if(uk)‖

〉

+σ
∥∥∥∥−∇if(uk) + σ ∇if(uk)

‖∇if(uk)‖

∥∥∥∥.
Proceeding as in the proof of Proposition 4.1, see equations (4.49) and (4.50), we obtain
that ∑

i∈Ak0∪A
k
∇

〈∇if(uk),wk
i 〉+ σ‖wk

i ‖ = −
∑
i∈Ak∇

‖v̄ki ‖2. (4.60)

Analogously, from system (S) and (4.44), we obtain that wk
J k = −d̃kJ k = −ukJ k .

Together with (4.38), it follows that the third term in (4.58) can be expressed as:

∑
i∈J k

〈
∇if(uk) + σ

uki
‖uki ‖

,wk
i

〉
=
∑
i∈J k
〈v̄ki ,−uki 〉 < 0. (4.61)

Finally, by replacing (4.59), (4.60) and (4.61) into (4.58), we obtain the result.
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The following assumption allows us to improve the last result and is required for the
global convergence properties of the algorithm. Also, from a practical point of view, it
ensures a more robust projection step.

Assumption 4.2. There exists ε > 0 such that the index-set J k used in the active-set
prediction is given by

J k = {i : 〈uki ,−vki 〉 ≤ −ε‖uki ‖2}

Corollary 4.1. Under Assumptions 4.1 and 4.2 the descent direction wk in Theorem
4.4 satisfies

ψ
′(uk,wk) ≤ −c‖wk‖2

2,1. (4.62)

for some positive constant c.

Proof. Thanks to our assumptions, the relation (4.61) in the proof of Theorem 4.4
becomes

∑
i∈J k

〈
∇if(uk) + σ

uki
‖uki ‖

,wk
i

〉
=
∑
i∈J k
〈v̄ki ,−uki 〉 < −ε

∑
i∈J k
‖uki ‖2 = −ε

∑
i∈J k
‖wk

i ‖2.

(4.63)
Then, (4.59), (4.60), and (4.63) imply the result.

4.3.4 GSDM Algorithm

The Group-Sparse Active-Set Descent Method (GSDM) is built upon the descent direc-
tion wk, solution of (S), which needs to be complemented with a line-search strategy
for the computation of the descent step. The line-search shall provide conditions that
guarantee descent of the cost function.

We utilize a generalized Armijo condition tailored for locally Lipschitz continuous
functions that are not necessarily convex [121]. For details on the sufficient decrease
condition we refer the reader to Section 4.6. Based on the analysis of the previous
section we consolidate the described method in the following algorithm.
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Algorithm 5: GSDM
Initialize u0, set k = 0 and tol > 0 ;
while stopping criterion is not satisfied do

for i← 1 to p do
Compute the following index-sets;
Ak0 := {i : ‖uki ‖ = 0 and ‖∇if(uk)‖ ≤ σ};
Ak∇ := {i : ‖uki ‖ = 0 and ‖∇if(uk)‖ > σ};
Ik := {i : ‖uki ‖ 6= 0};
compute vector −v̄ki given by;

v̄ki =


∇if(uk) + σ

uki
‖uki ‖

, if i ∈ Ik,

0, if i ∈ Ak0,
∇if(uk)− σ ∇if(uk)

‖∇if(uk)‖ , if i ∈ Ak∇.

end
if k > 1 then

for i ∈ Ik do
if 〈uki ,−v̄ki 〉 < tol then

store i in J k;
set −v̄ki ← −uki ;

{Active-set phase}
end

end
end
set wk ← −v̄k;
compute Ĩk = Ik \ J k;
compute

(
Bk

[Ĩk,Ĩk] + σΓk[Ĩk,Ĩk]

)
, with Γk given in (4.51);

solve
(
Bk

[Ĩk,Ĩk] + σΓk[Ĩk,Ĩk]

)
xk = −v̄Ĩk ;

set wk
Ĩk ← xk;

execute a line-search routine to determine the step size sk;
uk ← uk + skwk;
k ← k + 1;

end

In the next theorem we provide a global convergence result for our algorithm based
on the theory developed in [94], which in particular requires the function f to satisfy
the Kurdyka-Łojasiewicz property (KL).

Theorem 4.5. Suppose that Assumptions 4.1 and 4.2 hold and that ψ satisfies the
following Kurdyka-Łojasiewicz property: there exist positive constants κ, ζ and θ ∈ [0, 1[
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such that for all ξ ∈ σ∂(‖ · ‖2,1)(u) and every u in the level set {u : ψ(u) ≤ ψ(u0)}, it
holds that

κ|ψ(u)− ψ∗|θ ≤ ‖∇f(u) + ξ‖1,2, (4.64)

for ψ∗ ∈ R such that |ψ(u) − ψ∗| ≤ ζ. Then, the sequence {uk} generated by
GSDM (with an Armijo line-search) converges to a point u∗ such that 0 ∈ ∇f(u∗) +
σ∂(‖u∗‖1,2).

Proof. We provide a sketch of the proof since the result is rather standard. The strict
descent obtained in Corollary 4.1 and boundedness from below of ψ imply that an
Armijo line-search yields a monotone decrease of the sequence {ψ(uk)}. Thus, {ψ(uk)}
converges to some limit ψ∗.

Using c as a generic constant, we deduce from Corollary 4.1 and the KŁ property
that

‖uk+1 − uk‖1,2 =sk‖wk‖1,2

≤− sk

c
ψ
′(uk,wk)

≤ t
c
(ψ(uk)− ψ(uk+1))

=s
k

c
(ψ(uk)− ψ∗ − (ψ(uk+1)− ψ∗))

≤s
k

c

1
1− θ (ψ(uk)− ψ∗)θ((ψ(uk)− ψ∗)1−θ − (ψ(uk+1)− ψ∗)1−θ)

≤sk‖∇f(uk) + ξ̄k‖1,2∆k,

where ξ̄k ∈ σ∂‖ · ‖1,2(uk) is taken such that ξ̄ki = −∇if(uk) for i ∈ Ak0. ∆k :=
c

1−θ ((ψ(uk) − ψ∗)1−θ − (ψ(uk+1) − ψ∗)1−θ. From the definition of d̃k and the system
(S) we have

‖∇f(uk) + ξ̄k‖1,2 =
∑
i∈Ĩ

‖d̃ki ‖+
∑
i∈Ak∇

‖d̃ki ‖+
∑
i∈Ak0

‖d̃ki ‖

︸ ︷︷ ︸
=0

+
∑
i∈J k
‖v̄ki ‖

Taking into account Assumption 4.1 in the first sum, and Assumption (4.2) in the last
sum we arrive to

‖∇f(uk) + ξ̄k‖1,2 ≤c
p∑
i=1
‖wk

i ‖,

for some constant c > 0. Thus, taking sk ≤ s̄, we obtain the estimate

‖uk+1 − uk‖1,2 ≤ s̄c‖wk‖1,2∆k.
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It remains to verify the summability of {‖wk‖1,2}. This is obtained by [29, Lemma
4.3] with ∆k ( summable by [29, Theorem 4.1]), uk = ‖wk‖1,2, gk = ψ(uk) − ψ∗

and ĝk = ψ(uk+1) − ψ∗. The summability of {‖wk‖} implies that {‖uk+1‖1,2} is a
Cauchy sequence, hence its convergence to a limit u∗. By the properties of the graph
of ∇f + σ∂‖ · ‖1,2 we conclude that u∗ is a critical point.

4.4 Identification of the Active and Inactive Sets

In this section, we investigate how the different active and inactive sets of our algorithm
evolve along the iterations. In particular, we show that the active and inactive sets of
a local minimizer u∗ are identified once the iterations reach a certain neighborhood of
u∗, i.e.,

Ĩk = Ik = I∗, and Ãk = Ak0 = A∗, for all k > k0,

for some k0 ∈ N. This important result enables to obtain a superlinear convergence
rate of the algorithm iterates to the solution u∗, as will be shown in Section 4.5.

Let us denote the active and inactive index sets at the solution u∗, denoted by A∗

and I∗, respectively, are defined as

A∗ := {i : ‖u∗i ‖ = 0}, and I∗ := {i : ‖u∗i ‖ > 0}.

To support this analysis, we introduce the following strict complementarity assump-
tion related to the necessary optimality condition (4.32).

Assumption 4.3 (Strict complementarity). Let u∗ be a local minimizer such that it
satisfies

‖∇f(u∗)‖ < σ, if ‖u∗i ‖ = 0,

− 1
σ
∇f(u∗) = u∗i

‖u∗i ‖
, if ‖u∗i ‖ > 0.

The following result provides a useful local characterization of the active and inac-
tive index sets in the vicinity of a local minimizer u∗.

Theorem 4.6. Let ∇f be Lipschitz continuous with constant L. Suppose u∗ is a local
minimizer of problem (GS), satisfying Assumption 4.3. Let uk be the k-th iteration
generated by GSDM, with uk ∈ B(u∗, r). If r is chosen sufficiently small, such that
0 < r < min

{
mini∈I∗ ‖u∗i ‖,

σ−maxi∈A∗ ‖∇if(u∗)‖
L

}
, then the following results hold:

i) Ĩk ⊂ I∗,

ii) Ak0 ⊂ A∗,
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iii) Ak∇ = ∅,

iv) I∗ ⊂ Ik.

Proof. i) We proceed by contradiction. Let us suppose there exists at least one
index i ∈ Ĩk such that i /∈ I∗, meaning i ∈ A∗. From i ∈ Ĩk = Ik \ J k we get
that 0 ≤ 〈uki ,−v̄ki 〉 = 〈uki ,−∇if(uk)〉 − 〈uki , σ

uki
‖uki ‖
〉, which leads to

σ ≤ 1
‖uki ‖

〈uki ,−∇if(uk)〉 ≤ ‖∇if(uk)‖. (4.65)

Now, from (4.65) and the Lipschitz continuity of the gradient ∇f at uk ∈
B(u∗, r), we have

σ ≤ ‖∇if(uk)−∇if(u∗) +∇if(u∗)‖ ≤ L‖uk − u∗‖+ ‖∇if(u∗)‖
≤ Lr + ‖∇if(u∗)‖. (4.66)

According to the strict complementary Assumption 4.3, we have ‖∇if(u∗)‖ < σ

for all i ∈ A∗. In particular, maxi∈A∗ ‖∇if(u∗)‖ < σ. Then, by taking r <
σ−maxi∈A∗ ‖∇if(u∗)‖

L
in (4.66) we get the following contradiction:

σ < σ −max
i∈A∗
‖∇if(u∗)‖+ ‖∇if(u∗)‖ ≤ σ.

Therefore, we conclude that Ĩk ⊂ I∗.

ii) We proceed by contradiction. Let us suppose there exists at least one index
i ∈ Ak0 such that i /∈ A∗, meaning 0 < ‖u∗i ‖. On the other hand, since ‖uki ‖ = 0,
we have that

‖u∗i ‖ = ‖u∗i − uki ‖ ≤ ‖u∗ − uk‖ < r.

Now, given that r < min
{

mini∈I∗ ‖u∗i ‖,
σ−maxi∈A∗ ‖∇if(u∗)‖

L

}
, it follows that

0 < ‖u∗i ‖ < r < min
i∈I∗
‖u∗i ‖.

Which is a contradiction. Then i ∈ A∗.

iii) Suppose there exists at least one index i ∈ Ak∇. We will proof that both sets
i ∈ Ak∇ ∩ A∗ and i ∈ Ak∇ ∩ I∗ are empty.

First, consider the case i ∈ Ak∇ ∩A∗. We have σ < ‖∇if(uk)‖ and, according to
Assumption 4.3, ‖∇if(u∗)‖ < σ. From the Lipschitz continuity of the gradient
∇f at uk ∈ B(u∗, r), as in (4.66), we have:

σ ≤ ‖∇if(uk)−∇if(u∗) +∇if(u∗)‖ ≤ Lr + ‖∇if(u∗)‖. (4.67)
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Similarly as in case i), by taking r < σ−maxi∈A∗ ‖∇if(u∗)‖
L

in (4.67), we get a con-
tradiction. Therefore, Ak∇ ∩ A∗ = ∅.

We consider the remaining case, i ∈ Ak∇∩I∗, meaning that ‖u∗i ‖ > 0. By the re-
verse triangle inequality, it follows that ‖u∗i ‖−‖uki ‖ ≤ ‖u∗i−uki ‖ ≤ ‖u∗−uk‖ < r.

Given that ‖uki ‖ = 0, we get ‖u∗i ‖ < r. Taking r < min{mini∈I∗ ‖u∗i ‖,
σ−maxi∈A∗ ‖∇if(u∗)‖

L
}

in the last relation, we obtain that 0 < ‖u∗i ‖ < mini∈I∗ ‖u∗i ‖, which is a contra-
diction. Thus, Ak∇ ∩ I∗ = ∅.

iv) Let i ∈ I∗. By the reverse triangle inequality, we have

‖u∗i ‖ − ‖uki ‖ ≤ ‖u∗i − uki ‖ ≤ ‖u∗ − uk‖ < r.

Rearranging the first inequality, we obtain ‖u∗i ‖ − r < ‖uki ‖. Now, given that
r < min

{
mini∈I∗ ‖u∗i ‖,

σ−maxi∈A∗ ‖∇if(u∗)‖
L

}
, it follows that

0 ≤ ‖u∗i ‖ −min
i∈I∗
‖u∗i ‖ < ‖uki ‖.

Thus, we conclude that i ∈ Ik.

In the following result, we demonstrate that, if three consecutive iterations remain
within a ball of sufficiently small radius, the index set J k becomes empty and, conse-
quently, the index-sets Ĩk and Ãk coincide with the active and inactive index sets at
u∗, respectively.

Theorem 4.7. Let ∇f be Lipschitz continuous with constant L. Suppose u∗ is a
local minimizer satisfying Assumption 4.3. Let uk−1, uk and uk+1 be three consec-
utive full-step iterations generated by the GSDM Algorithm with full steps satisfy-
ing uk−1,uk,uk+1 ∈ B(u∗, r), where 0 < r < min

{
mini∈I∗ ‖u∗i ‖,

σ−maxi∈A∗ ‖∇if(u∗)‖
L

}
.

Then, the index set J k vanishes, and the following equalities hold:

Ĩk = Ik = I∗ and Ãk = Ak0 = A∗.

Proof. We begin by proving that J k vanishes. We proceed by contradiction and assume
that J k 6= ∅. Since uk−1 ∈ B(u∗, r), it follows from Theorem 4.6 - iii) that Ak−1

∇ = ∅.
Consequently, the indices in J k must originate from the index set Ĩk−1, meaning that

J k ⊂ Ĩk−1 ⊂ I∗.

Similarly, since uk+1 ∈ B(u∗, r), we also have Ak+1
∇ = ∅. Thus, during the active set

prediction phase the groups indexed in J k become sparse at iterate k + 1. Therefore,
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the set J k must satisfy
J k ⊂ Ak+1

0 ⊂ A∗.

Since I∗ and A∗ are disjoint index sets, we obtain that J k must be empty.

Next, given that J k is empty, from the definition of the index set Ãk we have
Ãk = Ak∇ ∪ Ak0. However, since uk ∈ B(u∗, r), it follows from Theorem 4.6 that
Ak∇ vanishes. Thus, we obtain Ãk = Ak0. On the other hand, by definition, we have
Ĩk = Ik \J k. Since J k vanishes, it follows that Ĩk = Ik. Moreover, applying Theorem
4.6- i) and iv), we obtain Ĩk = Ik = I∗. Finally, since A∗ and I∗ are disjoint index-sets,
Theorem 4.6 - ii) implies that Ãk = Ak0 = A∗.

From Theorems 4.6 and 4.7, we can directly derive the following corollary.

Corollary 4.2. Let ∇f be Lipschitz continuous. If for some k0 ∈ N the sequence
{uk}k≥k0 remains within the ball B(u∗, r), where r is defined as in Theorem 4.7 and
u∗ satisfies Assumption 4.3, then the active and inactive index-sets are identified as
Ĩk = Ik = I∗ and Ãk = Ak0 = A∗ for all k > k0.

Proof. The result follows from Theorems 4.6 and 4.7.

We can obtain a more precise characterization of the index-set Ĩk within the ball
B(u∗, r) by refining the radius r, given in Theorem 4.7, as follows.

Proposition 4.3. Let uk be the k-th approximate solution generated by the GSDM
Algorithm, satisfying uk ∈ B(u∗, r), with

r ≤ 1
γ
< min

{
min
i∈I∗
‖u∗i ‖,

σ −maxi∈A∗ ‖∇if(u∗)‖
L

}
.

Then the predicted inactive index-set is characterized as

Ĩk = {i : ‖uki ‖ > 1/γ}.

Proof. Consider the indices i ∈ Ĩk such that 0 < ‖uki ‖ < 1
γ
. We aim to show that this

leads to a contradiction. Since uk ∈ B(u∗, r), applying the reverse triangle inequality
gives

‖u∗i ‖ − ‖uki ‖ ≤ ‖u∗i − uki ‖ ≤ ‖u∗ − uk‖ < r.

Since r ≤ 1
γ
, we obtain

‖u∗i ‖ <
1
γ

+ ‖uki ‖ <
2
γ
.

Now, choosing γ > 2
mini∈I∗ ‖u∗i ‖

ensures that 2
γ
< mini∈I∗ ‖u∗i ‖. Since i ∈ Ĩ∗ (by

Theorem 4.6), we know that ‖u∗i ‖ > 0. Combining this with the previous inequality,

116



we arrive at 0 < ‖u∗i ‖ < mini∈I∗ ‖u∗i ‖, which is a contradiction. Thus, no such index i
can exist, completing the proof.

With these results we can establish a local convergence analysis in the next section.

4.5 Local Superlinear Convergence

Building on the results established in Section 4.4, we observe that if the hypotheses of
Corollary 4.2 hold, the index sets are identified, i.e.,

Ĩk = Ik = I∗ and Ãk = Ak0 = A∗, for all k > k0, (4.68)

for some k0 ∈ N. Building on this identification, we now analyze the second-order
system (S) at the k-th iteration, for k > k0, restricting our focus to the index sets I∗

and A∗. Consequently, system (S) can be written as follows:

Bk
[I∗,I∗] + σΓk[I∗,I∗] 0

0 I


wk

I∗

wk
A∗0

 = −

v̄kI∗

0A∗0

 , (4.69)

where, thanks to the characterization of Ĩk given in Lemma 4.3, the submatrix Γk[I∗,I∗]
is block-diagonal with each diagonal block given by:

Γki = 1
‖uki ‖

Ini −
uki uk

>
i

‖uki ‖3 , for all i ∈ I∗. (4.70)

Moreover, for the right-hand side, −v̄ki = −∇if(uk)− σ uki
‖uki ‖

, for all i ∈ I∗.

In order to prove convergence, we will consider B(u)[I∗,I∗] = ∇2f(u)[I∗,I∗] in a
neighborhood of a local solution u∗. Further, by Assumption 4.1 we have that the
submatrix

H∗R[Ĩ∗,Ĩ∗]
= ∇2f(u∗)[I∗,I∗] + σΓ∗[I∗,I∗]

is invertible. Morevover, since ∇2f(u)[Ĩ∗,Ĩ∗] is locally Lipschitz continuous and the
function Γ(u)[Ĩ∗,Ĩ∗] is locally Lipschitz continuous as well (see [66]), the matrix function
HR(u)[Ĩ∗,Ĩ∗] is Lipschitz continuous in a neighbourhood of u∗.

As a consequence of the latter, we obtain the following Lemma, whose proof follows
by standard arguments [53, Lemma 7.3].

Lemma 4.1. There exists δ > 0 such that for all uk ∈ B(u∗, δ)

‖(Hk
R[I∗,I∗]

)−1‖ =
∥∥∥∥ (∇2f(uk)[I∗,I∗] + σΓk[I∗,I∗]

)−1
∥∥∥∥ ≤ 2‖(H∗R[I∗,I∗]

)−1‖ =: CH .
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To achieve local convergence we summaryze the hypothesis of section 4.4 and state
the following assumptions:

Assumption 4.4. Let us suppose that the sequence generated by the GSDM method,
{uk}k≥k0 for some k0 ∈ N, remains within the ball B(u∗, r), where r satisfies

0 < r < min
{

min
i∈I∗
‖u∗i ‖,

σ −maxi∈A∗ ‖∇if(u∗)‖
L

,
1
γ

}
.

We now establish a local convergence result, beginning with the following conver-
gence rate estimate.

Theorem 4.8. Let u∗ is a local minimizer of problem (GS) such that Assumption 4.4
holds. Then there exist L̂ > 0 and ε > 0 such that, if uk ∈ B(u∗, ε), the following
relation is satisfied

‖uk+1 − u∗‖ ≤ L̂‖uk − u∗‖2.

Proof. Let us start by chosing ε = min{δ, r}, so that both Lemma 4.1 and Assumption
4.4 holds. Since Ĩk = Ik = I∗ and Ãk = Ak0 = A∗, for all k > k0, and uk ∈ B(u∗, r),
the GSDM system

(
∇2f(uk)[I∗,I∗] + σΓk[I∗,I∗]

)
0

0 I


wk

I∗

wk
A∗0

 = −

v̄kI∗

0A∗0

 ,
is solvable for all k > k0. Moreover, the updated iterate, with full step size, reads as

uk+1 = uk + wk,

where

wk =

wk
Ĩ∗

wk
A∗0

 =


(
∇2f(uk)[I∗,I∗] + σΓk[I∗,I∗]

)
0

0 I


−1−v̄kI∗

0A∗0


=

−
(
Hk
R[I∗,I∗]

)−1
v̄kI∗

0A∗0

 .

Therefore, given that uk =

ukI∗

ukA∗0

 and ukA∗0 = 0A∗0 , we get that

uk+1 =

ukI∗ −
(
Hk
R[I∗,I∗]

)−1
v̄kI∗

0A∗0

 . (4.71)

Let us analyze the difference ‖uk+1 − u∗‖. From (4.71) and given that u∗A∗0 = 0A∗0 , we
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obtain that

‖uk+1 − u∗‖ =
∥∥∥∥ukĨ∗ −

(
Hk
R[Ĩ∗,Ĩ∗]

)−1
v̄kĨ∗ − u∗Ĩ∗

∥∥∥∥
≤
∥∥∥∥ (Hk

R[I∗,I∗]

)−1
∥∥∥∥∥∥∥∥Hk

R[I∗,I∗]
(ukI∗ − u∗I∗)− v̄kI∗

∥∥∥∥.
Thanks to Lemma 4.1 and since −v̄∗i = −∇if(u∗)− σ u∗i

‖u∗i ‖
= 0, for all i ∈ I∗, we then

get that
‖uk+1 − u∗‖ ≤ CH

∥∥∥∥Hk
R[I∗,I∗]

(ukI∗ − u∗I∗)− v̄kI∗ + v̄∗I∗
∥∥∥∥. (4.72)

Moreover, by replacing Hk
R[I∗,I∗]

=
(
∇2f(uk)[I∗,I∗] + σΓk[I∗,I∗]

)
in (4.72) we obtain that,

‖uk+1 − u∗‖ ≤ CH‖∇2f(uk)[I∗,I∗](ukI∗ − u∗I∗) + σΓk[I∗,I∗](ukI∗ − u∗I∗)− v̄kI∗ + v̄∗I∗‖.
(4.73)

We can also express the vector −v̄kI∗ as follows:

−v̄kI∗ = −∇I∗f(uk)− σQ(ukI∗)ukI∗ , (4.74)

where Q(ukI∗) is a block-diagonal matrix, where each diagonal block is denoted by Qk
i

and given by:
Qk
i = 1
‖uki ‖

Ini , ∀i ∈ I∗. (4.75)

A related characterization follows for v̄∗I∗ , i.e.,

v̄∗I∗ = ∇I∗f(u∗) + σQ(u∗I∗)u∗I∗ . (4.76)

By plugging (4.74) and (4.76) in (4.73), and using the triangle inequality, we obtain:

‖uk+1 − u∗‖ ≤ CH

∥∥∥∥∇2f(uk)[I∗,I∗](ukI∗ − u∗I∗)−∇I∗f(uk) +∇I∗f(u∗)
∥∥∥∥

+ CHσ

∥∥∥∥Γk[I∗,I∗](ukI∗ − u∗I∗)−Q(ukI∗)ukI∗ +Q(u∗I∗)u∗I∗
∥∥∥∥. (4.77)

We analyze the first term of the right-hand side of (4.77). Since ∇2f is locally
Lipschitz continuous at u∗ (with Lispchitz constant Lf ), by using the integral form of
the Mean Value Theorem, we get:

∥∥∥∥∇2f(uk)[I∗,I∗](ukI∗ − u∗I∗)−∇I∗f(uk) +∇I∗f(u∗)
∥∥∥∥ ≤ Lf

2 ‖u
k − u∗‖2. (4.78)

For the second term in (4.77) we proceed as follows. By the equivalence of norms
property ‖·‖ ≤ ‖·‖1,2, and based on the definitions of Γk[I∗,I∗] in (4.70) and Q in (4.75),
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it follows that:
∥∥∥∥Γk[I∗,I∗](ukI∗ − u∗I∗)−Q(ukI∗)ukI∗ +Q(u∗I∗)u∗I∗

∥∥∥∥
≤
∑
i∈I∗

∥∥∥∥( 1
‖uki ‖

Ini −
uki uk

>
i

‖uki ‖3

)
(uki − u∗i )−

uki
‖uki ‖

+ u∗i
‖u∗i ‖

∥∥∥∥. (4.79)

Given a vector z 6= 0, we have that the function G : z → z
‖z‖ from Rl\{0} to itself

is differentiable with Fréchet derivative G′ given by G′(z) = 1
‖z‖

(
I − zz>

‖z‖2

)
. Moreover,

z→ G′(z) is locally Lipschitz continuous from Rl\{0} to Rl×l\{0} (see[66]). Therefore,
we can rewrite (4.79) by means of function G and its derivative G′:∥∥∥Γk[Ĩ∗,Ĩ∗](ukĨ∗ − u∗Ĩ∗)−Q(ukĨ∗)u

k
Ĩ∗ +Q(u∗Ĩ∗)u

∗
Ĩ∗

∥∥∥ ≤ ∑
i∈Ĩ∗

∥∥∥G′(uki )(uki − u∗Ĩ∗)−G(uki ) +G(u∗i )
∥∥∥.

(4.80)
Following the same procedure as for term (4.78), we obtain that∥∥∥∥Γk[Ĩ∗,Ĩ∗](ukĨ∗ − u∗Ĩ∗)−Q(ukĨ∗)u

k
Ĩ∗ +Q(u∗Ĩ∗)u

∗
Ĩ∗

∥∥∥∥
≤
∑
i∈Ĩ∗

L2

2 ‖u
k
i − u∗i ‖2

≤M
LG
2 ‖u

k − u∗‖2,

(4.81)

where LG is the Lipschitz constant of G′ and M := |I∗|. Plugging (4.78) and (4.81)
into (4.77) yields

‖uk+1 − u∗‖ ≤ CH
2 (Lf +MσLG)‖uk − u∗‖2 = L̂‖uk − u∗‖2,

where L̂ = CH
2 (Lf +MσLG).

Theorem 4.9. Let Assumption 4.4 hold. Then, there exists ε̂ > 0 such that if any u0 ∈
B(u∗, ε̂), the sequence generated by the GSDM method, with full step size, converges to
u∗ with Q-quadratic converge.

Proof. The proof follows by induction. Let ε̂ be small enough so that the conclusions
of Theorem 4.8 hold. Then, if u0 ∈ B(u∗, ε̂) we have that

‖u1 − u∗‖ ≤ L̂‖u0 − u∗‖2. (4.82)

We further reduce the radius ε̂ such that ‖u0 − u∗‖ ≤ min{ε, 1
2L̂}. Thus, from (4.82),

we have
‖u1 − u∗‖ ≤ L̂‖u0 − u∗‖2 ≤ L̂

1
2L̂
‖u0 − u∗‖ = 1

2‖u
0 − u∗‖. (4.83)

Hence, if ε̂ = min{ε, 1
2L̂}, then u0 ∈ B(u∗, ε) implies u1 ∈ B(u∗, ε).
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By induction we then obtain that if uk ∈ B(u∗, ε), then

‖uk+1 − u∗‖ ≤ 1
2‖u

k − u∗‖ ≤
(1

2

)k+1
‖u0 − u∗‖. (4.84)

Consequently, the sequence {uk} converges to u∗. Additionally, from Theorem 4.8, we
obtain that

‖uk+1 − u∗‖ ≤ L̂‖uk − u∗‖2. (4.85)

which implies the Q-quadratic convergence of the GSDM method.

4.6 Numerical implementation and computational
experiments

Let us comment on several aspects of the numerical implementation of GSDM Algo-
rithm and its associated parameters.

Line search strategy

In our examples, we employ a generalized Armijo condition designed for locally Lips-
chitz continuous functions which are not necessarily convex (see [121]). In our context,
the generalized Armijo decrease condition for ψ is given by:

ψ(uk+1) ≤ ψ(uk) + c0s
kψ
′(uk,wk). (4.86)

where sk is the line-search step and c0 is a positive fixed constant. Inequality (4.86)
extends the traditional Armijo condition through a reformulation using the directional
derivative. In the experiments below, the backtracking scheme utilizes the constant
value c0 = 1e− 4, the initialization sk = 1 and the upsate sk ← min

(
sk

d
, 1
)
dj for j =

0, 1, . . ., until the sufficient decrease (4.86) is satisfied. In our case we set d = 0.8.

Stopping criteria

Algorithm 5 terminates once the necessary optimality condition (4.32) is satisfied and
the directional derivative at uk along wk falls below a prescribed tolerance, indicating
that wk is no longer a descent direction. Specifically, based on the necessary optimality
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conditions (4.32), we check that:

sc1 := max
{i:‖uki ‖>0}

∥∥∥∥∇if(uk) + σ
uki
‖uki ‖

∥∥∥∥ < tol1, (SC1)

sc2 := max
{i:‖uki ‖=0}

‖∇if(uk)‖ − σ ≤ tol1, (SC2)

and for the descent direction wk we check that:

ψ
′(uk,wk) > −tol2. (SC3)

In our experiments, the GSDM algorithm terminates once the verification of (SC1),
(SC2) and (SC3) holds true for tol1 = 1e− 4 and tol2 = 1e− 7.

Sparsity

The computation of the active index-set Ak0 in Algorithm 5 is conducted by checking
approximately the conditions for activity, i.e., if ‖uki ‖ ≤ ε and ‖∇if(uk)‖ − σ ≤ tol1,
then index i is included in the active index-set Ak0.

4.6.1 Nonconvex Support Vector Machine

We consider the following support vector machine problem:

min
u∈Rm

ψ(u) := 1
l

l∑
j=1

(
1− tanh(bj〈aj,u〉)

)
+ σ‖u‖1,2. (SVM)

Let us recall that u ∈ Rm is a vector composed of p predetermined groups ui such that
each ui ∈ Rni and ∑p

i=1 ni = m. Moreover, bj ∈ {−1, 1} are labels and aj ∈ Rm are
data points containing the information of the feature vectors for j = 1, · · · , l.

Datasets and Grouping

To evaluate the performance of GSDM on problem (SVM), we consider three clas-
sification examples: two benchmark datasets—CDC Diabetes Health Indicators and
Wine Quality—sourced from the Kaggle [24] and UCI [89] repositories, and a synthetic
binary classification dataset generated using the Scikit-learn library in Python.

The CDC Diabetes Health Indicators benchmark [24] is a binary classification data
set containing lab test results and a health-related telephone survey. It contains 70692
instances and 21 features. The dataset is evenly divided in two categories with 50%
of respondents having no diabetes and the other 50% diagnosed with either predia-
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betes or diabetes, i.e., the target variable for classification is whether a patient has
diabetes/pre-diabetes or not. The 21 features consist in demographics (race, sex), per-
sonal information (income, educations) and health history (drinking, smoking, mental
health, physical health, etc.).

The Wine Quality dataset [35] contains the results of physicochemical tests (such as
volatile acidity, pH, sulphates, and chlorides) used to evaluate the quality of wines. The
target variable represents wine quality on a scale from 0 to 10. The dataset comprises
4,898 instances and 11 input features. To adapt this dataset for binary classification,
scores greater than 5 are labeled as class 1, while scores of 5 or lower are labeled as -1.

Scikit-learn synthetic classification dataset is designed with a controlled structure
to resemble scenarios for classification problems. We designed the dataset for binary
classification such that it contains 1000 samples and 200 features. From the 200 features
only 50 features are informative. An additional 20 features are redundant, i.e., linear
combinations of the informative ones. The remaining 130 features are noise. This
way, the model has to identify and rely only on a small subset of truly useful features,
promoting sparsity.

Grouping. In order to group the datasets features we use the Spectral Clustering
algorithm to identify groups of features that are closely related. This strategy cap-
tures non-linear relationships (see [93] and [118]). We applied the Spectral Clustering
algorithm, implemented in the Scikit-learn machine learning library in Python, to the
features of the datasets in order to identify groups of strongly correlated variables.
First, the Pearson correlation coefficients between all pairs of features were computed
to form a similarity matrix, where absolute correlation values were used. This matrix
was then provided as input to the Spectral Clustering algorithm, which grouped the
features into distinct clusters based on their correlation structure (see Table 4.2).

Analysis of GSDM Parameters: ε and γ.

To examine GSDM internal parameters, we evaluate its behavior over several values for
the Huber regularization parameter γ and the global convergence parameter ε, under
four fixed values of the penalization parameter σ. The results, presented in Table 4.3
show that the algorithm is stable and convergent across all tested configurations, the
descent direction wk satisfies ψ′(uk,wk) ≈ −10−8 or lower. Notably, larger values of σ
lead to higher sparsity levels, with σ = 1e-1 consistently yielding 80% sparsity in only
9 iterations, regardless of (ε, γ). However, for σ = 5e-4, larger values of ε (e.g. 1e-3)
lead to fewer iterations, although the resulting cost is slightly higher compared to the
values obtained with smaller ε. Overall, the method shows consistency with respect to
the inherent parameters ε and γ.
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CDC Diabetes Health Indicators dataset
Group No. of features Features

1 2 have any healthcare coverage, couldn’t afford a doctor
in a year

2 3 high blood pressure, high cholesterol, age
3 6 BMI, physical activity, general health, mental health,

physical health, have difficulty walking
4 1 smoker
5 1 heavy alcohol consumption
6 1 sex
7 2 fruits consumption, veggies consumption
8 2 stroke, heart disease
9 1 no cholesterol check
10 2 education, income

Wine Quality dataset
Group No. of features Features

1 1 alcohol
2 2 residual sugar, density
3 2 free sulfur dioxide, total sulfur dioxide
4 4 fixed acidity, volatile acidity, citric acid, pH
5 2 chlorides, sulphates

Scikit-learn synthetic dataset
No. groups No. of features Features

50 1-16 each of the 50 groups contains between 1 and 16 syn-
thetic features

Table 4.2: Spectral clustering of features across three datasets.

Index-sets Identification Property of GSDM for problem (SVM)

With the two remaining datasets, Wine Quality and the Scikit-learn synthetic dataset,
we evaluate the performance of the GSDM algorithm by analyzing the index-sets iden-
tification.

Figures 4.4 illustrate the evolution of the index-set sizes produced by GSDM for the
Wine Quality and Scikit-learn synthetic datasets, respectively. The x-axis represents
the iteration number, while the y-axis shows the size of the index-sets Ak∇, Ak0, J k,
and Ĩk. The figure shows each index-set as a separate bar next to each other for every
iteration. GSDM quickly identifies the active and inactive groups corresponding to
the optimal solution, ultimately leading to an empty Ak∇, indicating that the sparse
groups have been correctly classified. Moreover, toward the final iterations, the in-
dex set J k—which is associated with the active-set prediction phase—becomes empty,
consistent with the theoretical result provided by Theorem 4.7. These results confirm
that, from a certain iteration onward, the algorithm successfully achieves Ĩk = Ik and
Ãk = Ak0 = Ak.
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ε γ
σ = 5e-4 σ = 1e-3 σ = 1e-2 σ = 1e-1

Cost ψ′ It.
Sparsity
(%) Cost ψ′ It.

Sparsity
(%) Cost ψ′ It.

Sparsity
(%) Cost ψ′ It.

Sparsity
(%)

1e-3
1e3 0.51127 -9.80e-08 11 10 0.51603 -6.09e-09 10 20 0.56441 -4.03e-12 10 30 0.73126 -7.42e-14 9 80
1e4 0.51127 -3.12e-08 10 10 0.51603 -5.35e-08 9 20 0.56441 -7.72e-08 9 30 0.73126 -7.42e-14 9 80
1e5 0.51127 -3.12e-08 10 10 0.51603 -5.35e-08 9 20 0.56441 -7.72e-08 9 30 0.73126 -7.42e-14 9 80

1e-6
1e3 0.51053 -2.59e-09 22 10 0.51603 -7.27e-08 11 20 0.56441 -3.15e-12 12 30 0.73126 -7.42e-14 9 80
1e4 0.51053 1.78e-10 43 10 0.51603 -7.27e-08 11 20 0.56441 -1.04e-09 11 30 0.73126 -7.42e-14 9 80
1e5 0.51053 -1.79e-10 43 10 0.51603 -7.27e-08 11 20 0.56441 -1.04e-09 11 30 0.73126 -7.42e-14 9 80

1e-8
1e3 0.51053 -9.30e-08 25 10 0.51603 -7.48e-08 21 20 0.56441 -3.39e-09 12 30 0.73126 -7.42e-14 9 80
1e4 0.51053 -2.66e-12 46 10 0.51603 -7.48e-08 21 20 0.56441 -1.04e-09 11 30 0.73126 -7.42e-14 9 80
1e5 0.51053 -2.66e-12 46 10 0.51603 -7.48e-08 21 20 0.56441 -1.04e-09 11 30 0.73126 -7.42e-14 9 80

0
1e3 0.51053 -9.19e-08 28 10 0.51603 -8.07e-08 21 20 0.56441 -3.39e-09 12 30 0.73126 -7.42e-14 9 80
1e4 0.51053 -1.35e-08 46 10 0.51603 -8.07e-08 21 20 0.56441 -1.04e-09 11 30 0.73126 -7.42e-14 9 80
1e5 0.51053 -1.35e-08 46 10 0.51603 -8.07e-08 21 20 0.56441 -1.04e-09 11 30 0.73126 -7.42e-14 9 80

Table 4.3: Comparison of GSDM performance on CDC Diabetes Health Indicators
for varying (ε, γ) parameters and σ = 5e-4, 1e-3, 1e-2, and 1e-1. ψ′ = ψ′(uk,wk).

Figure 4.5 illustrates the convergence behavior of the GSDM method for different
values of the regularization parameter σ, applied to the Wine Quality and Scikit-learn
synthetic datasets. In both cases, the absolute values of the directional derivative at
uk along wk (Figure 4.5) show a consistent decrease, demonstrating that the method
satisfies criterion SC3.

4.6.2 Semilinear Elliptic Optimal Control problems

Consider the elliptic optimal control problem (OCP):

min
u∈L2(Ω)

ψ := 1
2‖S(u)− yd‖2

L2(Ω) + α

2 ‖u‖
2
L2(Ω) + σ‖u‖1,2, (OCP)

where the state variable, given by y = S(u) ∈ H1
0 (Ω), is the solution of the semilinear

elliptic problem
−∆y + y3 = u in Ω, u = 0 on Γ. (4.88)

Given the unit square domain Ω = (0, 1) × (0, 1), the sparsity patterns promoted
by the ‖ · ‖1,2 norm in this problem are defined over the vertical cross-sections of Ω.
Consequently, each group corresponds to the restriction of u to these cross-sections of
the unit square.

Problem (OCP) requires a discretization process to fit our formulation. We dis-
cretize the domain Ω = (0, 1) × (0, 1) using a 64 × 64 grid with mesh size step
h = 1/(64 + 1). We use the five-point stencil to write the finite difference approxi-
mation and a trapezoidal quadrature rule to compute the integrals. This process leads
us to a problem of the form

min
u∈Rm

1
2(S(u)− yd)>M1(S(u)− yd) + α

2 u>M1u + σ
p∑
i=1

h
√

ui>M2ui,
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(a) Wine Quality dataset – group index-set classification: Each index-set is a separate bar
for every iteration. Penalization parameter σ = 2e−1.
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(b) Scikit-learn synthetic dataset – group index-set classification: Each index-set is a separate
bar for every iteration. Penalization parameter σ = 1e−1.

Figure 4.4: Group index-set classification over iterations for two datasets. GSDM’s
parameters: γ = 1e5, ε = 1e−8,

126



0 2 4 6 8 10 12 14
10

-12

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

10
2

(a) Wine Quality

0 5 10 15 20 25 30 35
10

-10

10
-8

10
-6

10
-4

10
-2

10
0

10
2

10
4

X 2

Y 4.42227

(b) Scikit-learn synthetic classification

Figure 4.5: GSDM performace in (SVM) problem: history of absolute values of the
directional derivative, |ψ′(uk,wk)| (SC3).

where the matrices M1 and M2 are positive definite matrices resulting from numerical
integration and S corresponds to the (discrete) solution nonlinear mapping that solves
equation (4.88) numerically for a given discrete control u.

For this experiment we use the desired state yd(x1, x2) = sin(2πx1) sin(2πx2) exp(2x1)/6
and the penalization parameters α = 1e− 6 and σ = 1e− 4.

Analysis of Second-Order Information for problem (OCP)

A key feature of GSDM is the use of a reduced second-order matrix to accelerate the
descent direction within the inactive group set Ĩk. The reduced matrix is defined as
Hk
R[Ĩk,Ĩk]

:= Bk
[Ĩk,Ĩk] +σΓk[Ĩk,Ĩk], where B

k
[Ĩk,Ĩk] corresponds to the exact reduced Hessian

or an approximation matrix of it and Γk arises from the Huber regularization of the
‖ · ‖1,2 norm. In this experiment, we assess the performance of GSDM using three
different constructions of the second-order matrix. In the first case, Bk is taken as the
exact reduced Hessian, i.e., Bk

[Ĩk,Ĩk] = ∇2f(uk)[Ĩk,Ĩk] in addition to the regularization
matrix Γk. The second alternative considers only the exact Hessian without regulariza-
tion, that is, Hk

R[Ĩk,Ĩk]
:= ∇2f(uk)[Ĩk,Ĩk]. The third option uses a BFGS approximation

matrix Bk in place of the true Hessian, again combined with the regularization term.
The last experiment performs a run of the algorithm with no second-order information.
This comparison (see Table 4.4) enables an evaluation of the impact of second-order
accuracy and regularization on the overall performance of the algorithm. This analysis
is presented in conjunction with the influence of different initial guesses. Across all
initializations, using the full second-order matrix ∇2f(uk)[Ĩk,Ĩk] +σΓk[Ĩk,Ĩk] consistently
leads to faster convergence, with significantly fewer iterations and lower computational
time compared to the alternative approximation of the BFGS matrix. The algorithm’s
performance using only the reduced Hessian matrix—excluding the regularization com-
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ponent Γk[Ĩk,Ĩk]- results in a substantial increase in the number of iterations, exceeding a
fivefold rise. The final experiment was terminated after 2550 iterations without meet-
ing the convergence criteria defined in (SC1), (SC2) and (SC3), resulting in a cost value
of 0.02000 and an absolute error of 0.01788 relative to the solution obtained using the
full reduced second-order matrix.

Regarding the initial point, the null and the Poisson-based initial guesses yield
the most efficient performance, converging in 15 and 20 iterations, respectively. In
contrast, the random initialization and the constant initialization u0(x1, x2) = 1 require
substantially more iterations—up to 432 in the worst case—when paired with the
approximate BFGS matrix.

These results highlight the importance of incorporating accurate second-order in-
formation and a well-informed initial guess to enhance the efficiency and robustness of
GSDM.

Initialguess
Matrix Hk

R[Ĩk,Ĩk]
GSDM performance

Smooth part
Bk

[Ĩk,Ĩk]

Nonsmooth
Γk[Ĩk,Ĩk] Cost ψ′(uk,wk) It.

Sparsity
(%)

Time
(s)

reduced Hessian yes 0.00212 -1.12e-14 20 32.8 63
Poisson solution
−∆u0 = yd reduced Hessian no 0.00212 -3.15e-14 245 31.2 770

BFGS yes 0.00215 -3.21e-08 80 37.5 51
no no 0.02000 -5.28e-06 2550 3.1 -

reduced Hessian yes 0.00212 -5.70e-08 15 32.8 48
u0(x1, x2) = 0 reduced Hessian no 0.00212 -2.69e-12 238 34.4 771

BFGS yes 0.00216 -7.79e-08 80 34.4 63
no no 0.02000 -5.28e-06 2550 3.1 -

reduced Hessian yes 0.00212 -9.08e-13 32 34.4 122
u0(x1, x2) = 1 reduced Hessian no 0.00212 -4.27e-13 233 31.2 721

BFGS yes 0.00217 -7.64e-08 432 40.6 303
no no 0.02001 -5.28e-06 2550 3.1 -

reduced Hessian yes 0.00213 -2.87e-9 38 40.6 136
u0(x1, x2) = rand reduced Hessian no 0.00213 -7.39e-15 137 39.0 448

BFGS yes 0.00216 -8.02e-08 235 35.9 158
no no 0.02001 -5.28e-06 2550 3.1 -

Table 4.4: Second order reduced matrix Hk
R[Ĩk,Ĩk]

configurations and initial guess
analysis in (OCP) with parameters: σ = 1e−4 and α = 1e−6. GSDM’s parameters
γ = 1e5 and ε = 1e−8
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Step size and Index-sets Identification relation for problem (OCP)

By initializing the algorithm with the solution of the Poisson problem, using the ma-
trix ∇2f(u)[Ĩk,Ĩk], and incorporating the full second-order information ∇2f(uk) +σΓk,
Table 4.5 presents the evolution of the index sets Ak∇, Ak, J k, and Ĩk across selected
iterations of a single GSDM run. The table reports the number of groups in each index
set at iteration k, alongside the step size computed via backtracking, shown in the final
column. In the final stages of optimization (e.g., iteration 19), the algorithm achieves
sufficient decrease in the objective function using a unit step size, and the active-set J k

becomes empty, in agreement with the convergence behavior described in Theorem 5.2.
In addition, the last column of Table 4.5 shows the number of iterations performed by
the line search procedure.

The column labeled "#System" represents the size of the reduced second-order
system solved at each iteration. As the number of elements in Ak0 increases, the di-
mension of the system decreases. This reflects a reduction in the number of unknowns,
and highlights the efficiency gains of GSDM as the algorithm progresses.

Active-set prediction phase Analysis for problem (OCP)

We also tested the GSDM algorithm without the active-set projection phase. The
algorithm was initialized with the Poisson solution and parameters: σ = 1e − 4 and
α = 1e − 6. The results indicate that, despite progressing through several iterations,
the method struggles to fully recover the correct sparsity pattern. Specifically, the set
Ĩk, which corresponds to the inactive groups, remains larger than expected, failing to
match the true number of zero groups in the solution. At iteration 500, for example,
only three groups have been identified as active via Ak0, with no entries detected in
the active-set prediction set J k, and with the directional derivative ψ′(uk,wk) still
away from zero. Although the cost function value steadily decreases, reaching 0.00213
at iteration 500, the lack of full identification of active sets highlights the importance
of the prediction phase in accelerating convergence and promoting accurate sparsity
recovery. The algorithm was stopped after 600 iterations and failed to identify the
total number of sparse groups and achieve the stopping criteria. In contrast, GSDM
with the active-set projection phase identified 21 sparse groups after 20 iterations (see
Table 4.5).

Comparison with the Semi-Smooth Newton method- SSN and convergence
behaviour.

We compare the GSDM algorithms with the SSN method proposed in [64]. This
SSN method is a damped version tailored for group sparse optimal control problems.
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GSDM applied to (OCP)
It. k Ak∇ Ak0 J k Ĩk Cost ψ′(uk,wk) #System sk Line search it.
1 0.0 0.0 0.0 64.0 0.04223 -8.11e-02 4096 1.00 1
2 0.0 0.0 16.0 48.0 0.00336 -1.73e-03 3072 0.80 2
3 0.0 0.0 37.0 27.0 0.00329 -1.06e-02 1728 0.09 6
4 0.0 0.0 23.0 41.0 0.00279 -2.08e-03 2624 0.21 5
5 0.0 0.0 20.0 44.0 0.00263 -1.03e-03 2816 1.00 1
6 12.0 8.0 6.0 38.0 0.00255 -5.90e-04 2432 1.00 1
7 8.0 6.0 23.0 27.0 0.00235 -4.74e-03 1728 0.09 6
8 1.0 5.0 9.0 49.0 0.00231 -3.75e-04 3136 1.00 1
9 0.0 14.0 28.0 22.0 0.00225 -4.23e-04 1408 0.03 7
10 0.0 14.0 4.0 46.0 0.00225 -1.44e-04 2944 1.00 1
11 5.0 13.0 24.0 22.0 0.00216 -1.05e-03 1408 0.09 6
12 0.0 13.0 17.0 34.0 0.00214 -2.56e-04 2176 0.01 8
13 0.0 13.0 7.0 44.0 0.00214 -4.35e-05 2816 0.41 4
14 0.0 13.0 7.0 44.0 0.00214 -8.39e-05 2816 0.09 6
15 0.0 13.0 3.0 48.0 0.00214 -3.18e-05 3072 1.00 1
16 0.0 16.0 5.0 43.0 0.00213 -1.30e-05 2752 1.00 1
17 0.0 21.0 13.0 30.0 0.00212 -1.03e-04 1920 0.01 8
18 0.0 21.0 6.0 37.0 0.00212 -2.93e-05 2368 0.03 7
19 0.0 21.0 0.0 43.0 0.00212 -2.36e-06 2752 1.00 1
20 0.0 21.0 0.0 43.0 0.00212 -1.12e-14 2752 1.00 1

Table 4.5: Single run of GSDM applied to (OCP). The algorithm was initialized
with the Poisson solution. Model’s parameters: σ = 1e − 4 and α = 1e − 6. GSDM’s
parameters γ = 1e5 and ε = 1e−8
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Initial guess
u0(x1, x2) =

Cost Sparsity (%) Iterations Time
GSDM SSN GSDM SSN GSDM SSN GSDM SSN

0 2.1265 × 10−3 2.1215 × 10−3 34.3 31.3 25 14 78.6 88.3
20 2.1222 × 10−3 2.1215 × 10−3 35.9 31.3 40 18 129.7 116.9
80 2.1240 × 10−3 2.1215 × 10−3 34.3 31.3 42 20 138.5 132.4
200 2.1235 × 10−3 x 35.9 x 33 x 104.50 x

Table 4.6: Comparison of GSDM and SSN methods applied to solve (OCP) with a
semi-linear elliptic PDE. Model’s parameters: σ = 1e − 4 and α = 1e − 6. GSDM’s
parameters γ = 1e5 and ε = 1e−7. The symbol x indicates that the algorithm failed
to converge

We compare both methods by solving the semi-linear elliptic optimal control problem
(OCP) subject to (4.88).

First, it is important to note that the SSN method solves a system twice the size of
the one solved by GSDM. When discretizing the domain Ω with a 64× 64 grid, GSDM
handles a system of 4096 variables, whereas the SSN system consist of 8192 variables.

In Table 4.6, we compare the both algorithm performances using various initial
guesses. The results demonstrate that GSDM exhibits robust convergence behavior
even when starting far from the solution. As the initial guess moves further away
(e.g., u0(x1, x2) = 200), GSDM maintains convergence, requiring a moderate number
of iterations and preserving the sparsity structure of the solution. The SSN method
successfully converges for closer initializations but fails to converge when the initial
guess is very distant from the optimal solution (e.g., u0(x1, x2) = 200). This case
is marked with an x symbol. These experiments highlight the advantage of GSDM’s
globalization strategy when the initial solution is far from the optimal state.

In addition, we perform a final test to illustrate the convergence behavior of the
GSDM algorithm. A reference solution obtained after 200 iterations was used as the
ground truth and the algorithm was initialized with the Poisson solution. In Figure 4.6,
(c)-(d), we illustrate the convergence behavior of GSDM under two different parameter
settings for α and σ. The error ‖uk − u∗‖ plotted on a logarithmic scale, decreases
steadily over the iterations. Eventually, a sharp drop is observed, indicating that once
the algorithm enters a neighborhood of the solution, it transitions to a superlinear or
nearly quadratic rate of convergence. Finally, in Figure 4.6, (a)-(b), the optimal control
solution obtained with GSDM is displayed for the different parameters α and σ.
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(a) Sparse control. Parameters: σ = 1e−4,
α = 1e−6.

(b) Sparse control. Parameters: σ = 5e−3,
α = 5e−4.
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(c) Convergence. Parameters: σ = 1e−4,
α = 1e−6.
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(d) Convergence. Parameters: σ = 5e−3,
α = 5e−4.

Figure 4.6: Semi-linear optimal control problem solved with GSDM: (a)-(b) Sparse
optimal controls and (c)-(d) convergence behavior for different penalization parameters.
GSDM’s parameters: γ = 1e5 and ε = 1e−8.
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Chapter 5

Conclusions

In this thesis, we analyzed and designed second-order algorithms with applications to
the exact penalization of the incompressibility condition in the Bingham flow problem
and to group-sparse penalized problems. The convergence of both algorithms was
proved, and numerical examples were provided to evaluate their performance. This final
chapter summarizes the most significant results and outlines perspectives for future
research.

In Chapter 3, we investigated the exact penalization of the incompressibility con-
dition in the Bingham flow problem. In Theorem 3.1 and Remark 3.3 we established
that the equivalence between the constrained and penalized formulations holds for all
penalization parameters σ > 0, provided that σ ≥ σ0, where σ0 ≈ ‖λ‖L2|Ω| 12 and λ

corresponds to the Lagrange multiplier. Although ‖λ‖L2 cannot be computed a priori
without an approximate solution, numerical experiments confirmed that the estimate
of σ0 is sharp.

The designed algorithm for the penalized Bingham problem utilizes second-order
information to compute a descent direction without directly solving the minimum norm
subgradient problem for the steepest descent direction. This simplification is justified
by the analysis in Section 3.8.1, where it was discussed that the growth of the divergence
of both the iterates and their associated descent directions is controlled by O(γ−1) on
the active set Akγ at each iteration k. On the complement Ω\Akγ, we could only establish
that this set vanishes numerically.

Numerical experiments demonstrated the benefits of the L1-norm penalization of
the divergence term. The exact penalization algorithm computes approximate solu-
tions with a precise divergence. Notably, the L1-norm promotes sparsification of the
divergence term, as confirmed by the results in Section 3.9. Moreover, the experiments
demonstrated the advantages of the L1-norm penalization for the divergence term
compared to the SSN method. The SSN algorithm involves decoupling the underlying
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system and stabilizing the equation for the velocity’s divergence and the pressure pr
using a small parameter ς > 0. This stabilization effectively relaxes the incompressibil-
ity constraint, which may lead to less accurate enforcement of the condition as shown
in Table 3.2.

In Chapter 4, we developed an algorithm tailored for group-sparse problems, with
applications to the simplified formulation of the Bingham flow and group-sparse PDE-
constrained problems. For the first application, we designed an optimization algorithm
to solve the inner problem of the augmented Lagrangian method (ALG1). This algo-
rithm computes the steepest descent direction in a group-wise manner by evaluating
the directional derivative, while second-order information is employed to precondition
the search direction for improved efficiency and accuracy.

Additionally, the active-set strategy introduced in Section 4.2.5 for the Bingham
flow problem is interpreted as a projection of the groups that are close to becoming
sparse onto zero, enhancing sparsity detection. Compared to the Alternating Direction
Method of Multipliers (ADMM or ALG2) in Table 4.1, the incorporation of the second-
order information and the active-set phase improve the decrease of the cost functional
and a slightly smaller constraint error. While the results of this first part are valuable
from a theoretical perspective, our focus is on Section 4.3, where the methods devised
for the group-sparse term are extended to address a more general optimization problem.

In this second section, we generalized the strategies devised for the Bingham flow in
a pipe to design the Group-Sparse Descent Method (GSDM). We refine the strategies
developed earlier by integrating the active-set strategy to reduce the dimensionality of
the second-order system. Specifically, curvature information is applied exclusively to
the non-sparse groups, thereby improving computational efficiency. The numerical ex-
periment displayed in Table 4.5 shows that the number of unknown variables decreases
throughout the execution of GSDM algorithm.

Furthermore, the projection phase is executed prior to constructing the descent
direction, ensuring that sparsity is accounted for at an early stage of the algorithm. In
Section 4.6.2 we discuss the effect of the active-set prediction phase in the semilineal
ptimal control problem.

Through a local analysis of the index-sets involved in GSDM, we demonstrate in
Theorem 4.9 that, near a local solution, the method simplifies to a Newton-type algo-
rithm exhibiting quadratic convergence properties.

In addition, by focusing on the group structure of the problem, the method balances
accuracy and computational cost, making it well-suited for a broader group-sparse
optimization problems.

Finally, we outline potential directions for future research. The exact penalty al-
gorithm developed for the incompressibility condition can be extended to other vis-
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coplastic models, such as the Herschel-Bulkley and Casson models, which exhibit more
complex rheological behaviors and are analyzed in Banach spaces. These generaliza-
tions could provide a broader framework for addressing a wider range of practical
applications involving non-Newtonian fluids.

Another promising topic involves combining the exact penalty method with the
GSDM to solve the Bingham flow problem, incorporating both nonsmooth terms: the
L1 -norm penalization of the incompressibility constraint and the unregularized term
g
∫

Ω |Eu| dx. This hybrid approach could offer a unified methodology for handling
the coupled challenges of divergence-free constraints and yield-stress fluid behavior,
providing a powerful tool for accurately modeling and simulating complex viscoplastic
flows. Expanding these methods to more complex three-dimensional geometries or
time-dependent problems also remains an open area of exploration.

Additionally, a further topic of interest could involve exploring adaptive strategies
for estimating penalization parameters in group-sparse problems. This research could
focus on developing methods to dynamically adjust the penalization parameters based
on the problem’s structure. Such strategies could provide more accurate solutions,
particularly in high-dimensional or complex settings where the choice of parameters
significantly impacts performance.
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